Generalized convexity structures and their products / by Legge, John William,
INFORMATION TO USERS
This m aterial was produced from  a m icrofilm  copy of th e  original docum ent. While 
the  m ost advanced technological means to  photograph and reproduce this docum ent 
have been used, the  quality  is heavily dependen t upon the  quality  of th e  original 
subm itted .
The following explanation  of techniques is provided to  help you understand 
markings or patterns which m ay appear on this reproduction .
1 .T h o  sign or " ta rg e t"  for pages apparently  lacking from  the docum ent 
photographed is "Missing Page(s)". If it was possible to  obtain th e  missing 
page(s) or section, they  are spliced in to  the  film along w ith adjacent pages. 
This m ay have necessitated cu tting  th ru  an image and duplicating adjacent 
pages to  insure you  com plete continu ity .
2. When an image on th e  film is obliterated  w ith a large round black m ark, it 
is an indication th a t the  photographer suspected th a t th e  copy may have 
moved during exposure and thus cause a blurred image. You will find a 
good image o f the  page in the  adjacent fram e.
3. When a m ap, drawing or chart, e tc ., was part o f the  m aterial being 
photographed the  photographer follow ed a definite m ethod  in 
"section ing" the  m aterial. It is custom ary to  begin photoing a t th e  upper 
left hand corner o f a large sheet and to  continue photoing from  left to  
right in equal sections w ith a small overlap. If necessary, sectioning is 
continued  again — beginning below the  first row and continuing on until 
com plete.
4 . The m ajority  of users indicate th a t th e  tex tual co n ten t is of greatest value, 
however, a som ew hat higher quality  reproduction could be m ade from 
"pho tog raphs"  if essential to  the understanding of the  d issertation. Silver 
prints of "pho tog raphs"  may be ordered at additional charge by writing 
the  O rder D epartm ent, giving the  catalog num ber, title , au tho r and 
specific pages you wish reproduced.
5. PLEASE NOTE: Som e pages may have ind istinct print. Film ed as 
received.
Xerox University Microfilms
300 N orth Z e e b  Road
Ann A rbor, M ichigan 48106
76-24,366
LEGGE, John W illiam , 1941- 
GENERALIZED CONVEXITY STRUCTURES AND THEIR 
PRODUCTS.
The U nivers ity  o f Oklahoma, Ph.D ., 1976 
Mathematics
Xerox University Microfilms, Ann Arbor, Michigan 48ioe
THE UNIVERSITY OF OKLAHOMA 
GRADUATE COLLEGE
GENERALIZED CONVEXITY STRUCTURES AND THEIR PRODUCTS
A DISSERTATION 
SUBMITTED TO THE GRADUATE FACULTY 
i n  p a r t i a l  f u l f i l l m e n t  o f  th e  r e q u i r e m e n ts  f o r  th e
d e g re e  o f  
DOCTOR OF PHILOSOPHY
BY
JOHN WILLIAM LEGGE 
Norman, Oklahoma
1976
GENERALIZED CONVEXITY STRUCTURES AND THEIR PRODUCTS
APPROVED BY
^  - ^ ( 7
DISSERTATION
^  L/ r^Ur^y/L^  
COMMiiTEE
ACKNOWLEDGEMENT
I  w ish  t o  acknow ledge my deep a p p r e c i a t i o n  t o  D r. 
David C. Kay f o r  h i s  s u g g e s t i o n s ,  g u id a n c e ,  and  e n c o u ra g e ­
ment d u r in g  t h e  p r e p a r a t i o n  o f  t h i s  p a p e r .  My s i n c e r e  
th a n k s  a l s o  go t o  my w i f e ,  Ann, and th e  many f r i e n d s  who 
have o f f e r e d  e n co u rag em en t  and s u p p o r t .  F i n a n c i a l  a s s i s t ­




C h a p te r  Page
INTRODUCTION.............................................   1
I .  AXIOMATIC CONVEXITY ............................................ 3
I I .  THE ECKHOFF PRODUCT............................................ 10
I I I .  THE COMPLEMENT PRODUCT....................................... 1?
IV . THE PROJECTIVE PRODUCT........................................ 33
SYMBOLS USED IN THE T E X T ...................................................... 60
LIST OF REFEREN CES................................................................... 6 l
i v
CONVEXITY STRUCTURES AND THEIR PRODUCTS 
INTRODUCTION
V a r io u s  a t t e m p t s  have b een  made t o  p l a c e  c o n v e x i ty  
i n  a n  a x io m a t ic  s e t t i n g ,  b u t  o n ly  s c a n t  a t t e n t i o n  has been 
d e v o te d  t o  th e  p r o d u c t  o f  g e n e r a l  c o n v e x i ty  s t r u c t u r e s .
I n  t h i s  p a p e r ,  a s  i n  [ l l ] ,  we c o n s i d e r  a  s e t  X, a  f a m i ly  
o f  s u b s e t s  o f  X c lo s e d  und er  i n t e r s e c t i o n  (which a r e  
c a l l e d  convex  s e t s ) ,  and a  c l o s u r e  o p e r a t o r  conv on P(X) 
s a t i s f y i n g  c e r t a i n  c o n v e x i ty  p r o p e r t i e s .  R e la t i o n s h ip s  
be tw een  th e  C a ra th e o d o ry ,  K e l ly ,  and Radon numbers i n  such  
a  s e t t i n g  a r e  e x p lo r e d  i n [ 1 1 ]  and we c o n s i d e r  them h e re  i n  
c o n n e c t io n  w i th  p r o d u c t s ,
S h i r l e y  [1 6 ]  in t r o d u c e d  a  to p o lo g y  i n  t h i s  s e t t i n g  
c u lm in a t in g  i n  a  p ro o f  o f  t h e  K r e in - M i l ’man th e o re m . In  
C h a p te r  One we w i l l  i n t r o d u c e  t h e  b a s i c  d e f i n i t i o n s  and 
axiom s n eed ed  f o r  t h e  re m a in in g  c h a p t e r s  and g iv e  p ro o f s  
o f  a  few c l a s s i c a l  c o n v e x i ty  t h e o r y  th eo re m s a s  a p p l i e d  t o  
t h e  g e n e r a l  s e t t i n g ,
E c k h o f f  C5J was th e  f i r s t  t o  d e f in e  th e  p r o d u c t  o f  
t h e s e  g e n e r a l i z e d  c o n v e x i ty  s t r u c t u r e s  and  p roved  a  Radon 
th eo re m  i n  a  g e n e r a l  s e t t i n g ,  R eay T l^H  p roved  a  C a ra -
th e o d o ry  th eo re m  when t h e  f a c t o r  s p a c e s  i n  t h e  E c k h o f f  
p r o d u c t  a r e  E u c l id e a n .  I n  C h a p te r  Two we o b t a i n  r e s u l t s  
c o n c e rn in g  t h e  E c k h o f f  p r o d u c t  and bounds c o n c e rn in g  th e  
C a ra th e o d o ry  and H e l ly  numbers i n  a  g e n e r a l  s e t t i n g .
A method o f  d e f i n i n g  l i n e s  i n  th e  p r o d u c t  o f  two 
g e n e r a l i z e d  c o n v e x i ty  s p a c e s  was r e c e n t l y  g iv e n  by 
S andstrom  Cl53 by c o n s i d e r i n g  a  f a m i ly  o f  l i n e s  i n  b o th  
f a c t o r  sp a c e s  and  f a m i l i e s  o f  r e a l - v a l u e d  f u n c t i o n a l s .  I n  
C h a p te r  T h ree  we d e f i n e  a  new ty p e  o f  p ro d u c t  f o r  g e n e r ­
a l i z e d  c o n v e x i ty  s t r u c t u r e s  and g iv e  r e s u l t s  c o n c e rn in g  th e  
C a ra th e o d o ry  and Radon numbers i n  th e  p ro d u c t  s p a c e .
F in a H .y ,  i n  C h a p te r  F o u r  we e x p lo r e  a n o th e r  m ethod 
o f  d e f i n i n g  th e  p r o d u c t  o f  two c o n v e x i ty  s t r u c t u r e s  when 
th e  u n d e r ly in g  f a c t o r  s p a c e s  a r e  v e c t o r  s p a c e s .  We 
prove  t h a t  t h i s  p r o d u c t  g e n e r a t e s  th e  u s u a l  c o n v e x i ty  
s t r u c t u r e  when e ac h  f a c t o r  sp a c e  has th e  u s u a l  c o n v e x i ty  
s t r u c t u r e .  We th e n  o b t a i n  C a ra th e o d o ry  and H e l ly  th eo rem s 
f o r  t h i s  p r o d u c t  and  d e r i v e  r e s u l t s  c o n c e rn in g  a f f i n e  
mappings o f  th e  f a c t o r  and p r o d u c t  s p a c e s .
CHAPTER I
AXIOMATIC CONVEXITY
There have been  many r e c e n t  p a p e rs  d e a l i n g  w i th  th e  
t h e o r y  o f  g e n e r a l i z e d  c o n v e x i ty  s t r u c t u r e s  i n  w hich  th e  
a u th o r s  have d e f in e d  t h e  c l a s s  o f  "convex" s e t s  ax iom a- 
t i c a l l y  and p ro ce ed e d  t o  d e v e lo p  a th e o r y  t h a t  y i e l d s  
a n a lo g u e s  o f  th e  th eo rem s i n  t h e  c l a s s i c a l  s e t t i n g .  See, 
f o r  exam ple, B ry a n t  and  W ebster [ 2 ] ,  Kay [ 1 0 ] ,  and 
C a n tw e l l  I n  t h i s  c h a p te r  we s h a l l  p r e s e n t  th e  b a s i c
d e f i n i t i o n s  needed  f o r  th e  re m a in in g  c h a p t e r s  where 
p ro d u c ts  o f  g e n e r a l i z e d  c o n v e x i ty  s t r u c t u r e s  a r e  c o n s id e r e d ,  
and  we s h a l l  i n c lu d e  th e  p ro o f s  o f  some a n a lo g u e s  o f  c l a s s ­
i c a l  c o n v e x i ty  theo rem s which have n o t  y e t  b een  p u b l i s h e d .
1 .1 »  DEFINITION. A c o l l e c t i o n  o f  s u b s e t s  <o o f  a  s e t  X 
w i l l  be c a l l e d  a  c o n v e x i ty  s t r u c t u r e  i f  and o n ly  i f
i )  X and  0  b e lo n g  to  €  , and
i i )  C  i s  c lo s e d  under i n t e r s e c t i o n s ;  t h a t  i s ,  i f  
C.€ Ç  f o r  e a c h  i €  I  t h e n  A  C.€ (2 .
1 . 2 .  DEFINITION. I f  6  i s  a  c o n v e x i ty  s t r u c t u r e  f o r  a  s e t  
X and i f  EQ.X t h e n  th e  convex h u l l  o f  E i s  d e n o te d  by
conv  E and i s  d e f in e d  by conv E = I E ^ C } ,  A s e t  E
w i l l  be c a l l e d  convex i f  and o n ly  i f  E = conv E . A
su b fa m ily  o f  6  i s  c a l l e d  a  b a s i s  o f  Q  i f  and o n ly  i f
e a c h  member o f  <2 i s  o b t a i n a b l e  a s  an  i n t e r s e c t i o n  o f  
members o f  <S •
I n  o r d e r  t o  prom ote b r e v i t y  and p e r m i t  e a s i e r  r e a d i n g ,  
a  s i n g l e t o n  s e t  ( x )  w i l l  be d e n o te d  by x ,  and th e  convex 
h u l l  o f  a  two e le m e n t  s e t ,  a  se g m e n t , w i l l  be d e n o te d  by 
j u x t a p o s i t i o n ,  i . e . ,  conv (p ,q ^  = pq .
1 . 3 .  THEOREM. I f  C  i s  a  c o n v e x i ty  s t r u c t u r e  and A and B 
a r e  s u b s e t s  o f  X, t h e n ,
i )  A C c o n v  A,
i i )  i f  A C b  t h e n  conv A £  conv B, and
i i i )  conv f c o n v  A^ = conv A.
The n e x t  two d e f i n i t i o n s  a r e  commonly used  a s  axiom s 
t o  be im posed on a  c o n v e x i ty  s t r u c t u r e ;  s e e  C S j and [ 1 1 ] .  
The c o n c e p t  o f  r e g u l a r  segm ents  was r e c e n t l y  in t r o d u c e d  
i n  [ 1 0 ] ,
1 . 4 .  DEFINITION. A c o n v e x i ty  s t r u c t u r e  (X,(2 ) has th e  
p r o p e r t y  o f  domain f i n i t e  n e s s  i f  f o r  e a c h  S ^ X ,
conv S = U  [ c o n v  F | F i s  f i n i t e  and F Ç sJ .
1 . 5 .  DEFINITION. A c o n v e x i ty  s t r u c t u r e  ( X ,0  ) i s  s a i d  
t o  be j o i n - h u l l  com m utative  i f  f o r  eac h  s £ x ,
conv [x  Us} = U £xs I s € conv s] .
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1 . 6 .  DEFINITION» The segm ent xy i s  s a i d  t o  be n o n d i s c r e t e  
i f  and  o n ly  i f  t h e  open segm ent ( x ,y )  = x y \ £ x , y } ^ 0 .  The 
segm ent i s  decom posable  i f  and o n ly  i f  f o r  e v e r y  z € x y ,  
x z O z y  = z and x z ( J z y  = x y .  The segm ent i s  e x t e n d i b l e  i f  
and o n ly  i f  x y C x z \ z  = [ x , z  ) f o r  some z /  y .  A segm ent i s  
c a l l e d  r e g u l a r  i f  and o n ly  i f  i t  i s  n o n d i s c r e t e ,  decompos­
a b l e ,  and  e x t e n d i b l e .
1 . 7 .  DEFINITION. A c o n v e x i ty  s t r u c t u r e  ( X , ( ? )  i s  an 
i n t e r v a l  c o n v e x i ty  s t r u c t u r e  when conv  A = A i f  and o n ly  
i f  x y C  A w henever x € a and y 6  A.
As i s  p roved  i n [ [ l l ] ,  a  c o n v e x i ty  s t r u c t u r e  t h a t  i s  
domain f i n i t e  and j o i n - h u l l  com m utative  i s  n e c e s s a r i l y  an  
i n t e r v a l  c o n v e x i ty  s t r u c t u r e .  An i n t e r v a l  c o n v e x i ty  s t r u c ­
t u r e  i s  domain f i n i t e  b u t  n o t  n e c e s s a r i l y  j o i n - h u l l  commu­
t a t i v e  •
F o r  t h e  r e m a in d e r  o f  t h i s  c h a p t e r  S  w i l l  d e n o te  a  
c o n v e x i ty  s t r u c t u r e  f o r  a  s e t  X i n  w hich  th e  f o l lo w in g  
axiom s hold*
i )  ( X , 6 )  i s  domain f i n i t e ,
i i )  (X ,6 )  i s  j o i n - h u l l  co m m u ta tiv e ,
i i i )  Segm ents a r e  r e g u l a r .
T h a t  t h e s e  axiom s a r e  in d e p e n d e n t  c an  be s e e n  from 
th e  f o l lo w in g  c o n v e x i ty  s t r u c t u r e s .
1 . 8 .  EXAMPLE, a )  L e t  X = and l e t  C 6 &  i f  and  o n ly  i f  
C i s  a  c lo s e d  i n t e r v a l .  Then (X,(S ) w i l l  be a  c o n v e x i ty
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s t r u c t u r e  s a t i s f y i n g  i i )  and i i i )  b u t  n o t  i ) .  b )  L e t  
X = and l e t  i f  and o n ly  i f  C = X o r  C i s  a  convex
s e t  w i th  d im e n s io n  l e s s  t h a n  o r  e q u a l  t o  2 .  t h e n  ( X , 0  ) i s  
a  c o n v e x i ty  s t r u c t u r e  s a t i s f y i n g  i )  and  i i i )  b u t  n o t  i i ) .  
c )  L e t  X be any nonempty s e t  and l e t  0 ^ 6  i f  and o n ly  i f  
C6 2^« Then (X,<S ) w i l l  be a  c o n v e x i ty  s t r u c t u r e  s a t i s f y i n g  
i )  and  i i )  b u t  n o t  i i i ) .
1 . 9 .  LEMMA. I n  a  c o n v e x i ty  s t r u c t u r e  s a t i s f y i n g  axiom s 
i - i i i  » i f  r  €  ab  and  q € c r  
t h e n  t h e r e  e x i s t s  an  s  6 cb 
su c h  t h a t  q ^  a s .
P r o o f . S in c e  r  € ab and 
q € c r ,  t h e n  q €  conv £ a ,b ,c } - .  ^
By axiom  i i )  q 6 conv £ a , b , c }  = C / f a d  I d C b q } .  Hence, t h e r e  
e x i s t s  an  s € be su c h  t h a t  q é a s .
1 .1 0 .  DEFINITION. L e t  S S X .  The k e r n e l  K o f  S i s  t h e  s e t
o f  a l l  p o i n t s  z ^ X  su c h  t h a t  z x ^ S  f o r  a l l  x € S .
The f o l lo w in g  th eo rem  was o r i g i n a l l y  p roved  by Brunn 
i n  1913  C l J  f o r  f i n i t e  d im e n s io n a l  E u c l id e a n  s p a c e s .  I t  
has  been  e x te n d e d  t o  l i n e a r  s p a c e s ,  e . g .  se e  V a le n t in e  [ 2 l J .  
The f o l lo w in g  shows t h a t  i t  i s  a l s o  v a l i d  i n  ou r a x io m a t ic  
s e t t i n g .
1 .1 1 .  THEOREM. The k e r n e l  o f  any s e t  i s  co nvex .
P r o o f . L e t  S GX and K be th e  k e r n e l  o f  S ,  and supp ose
x , y € K ,  X /  y ,  and u € x y .  L e t  z be an  a r b i t r a r y  p o i n t  o f
F ig u re  1 .1
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S i  I f  z  = X  o r  z  = y th e n  u z 5  S .  L e t  v ^ z u i  We know 
t h a t  z y S s  by th e  d e f i n i t i o n  o f  K# A ls o ,  by  Lemma 1 , 9 ,  
t h e r e  e x i s t s  a  w ^ z y  su c h  t h a t  v ^ w x .  B u t t h e n  w € S  and 
wxÇLs by th e  d e f i n i t i o n  o f  k ;  hence v  6 S ,  S in c e  v  was an 
a r b i t r a r y  p o i n t  o f  z u ,  t h e n  z u 5 s .  Hence u € K  and x y c K  
w hich s a y s  t h a t  K i s  co nvex ,
1 .1 2 ,  DEFINITION, The k e r n e l  o f  a  s e t  S w i l l  be r e f e r r e d  
t o  a s  i t s  convex k e r n e l  and we d en o te  i t  by  ck S ,
1 .1 3 ,  DEFINITION. A s e t  S i s  s t a r - s h a p e d  i f  and o n ly  i f  
ck  S /
V a le n t in e  [ 2 1 ,  R e se a rc h  Problem  9 » 3 j  po sed  th e  
prob lem  o f  c h a r a c t e r i z i n g  th e  s t a r - s h a p e d  s e t s  S i n  a  
f i n i t e  d im e n s io n a l  l i n e a r  sp a c e  i n  te rm s  o f  th e  maximal 
convex s u b s e t s  o f  S ,  The p rob lem  was s o lv e d  by  G u a y [ ? J  , 
and e x te n d e d  by Sm ith  [ l 8 ]  f o r  l i n e a r  s p a c e s  o f  a r b i t r a r y  
d im e n s io n ,  A c h a r a c t e r i z a t i o n  o f  s t a r - s h a p e d  s e t s  i n  our 
a x io m a t ic  s e t t i n g  i s  a l s o  p o s s i b l e ,  a s  th e  f o l lo w in g  
developm en t show s,
1 .1 4 ,  THEOREM, L e t  S be a  nonempty s u b s e t  o f  X and l e t  
^Mi\ i f e i  t h e  c o l l e c t i o n  o f  maximal convex  s u b s e t s  o f  S, 
th e n  S = V  M^,
P r o o f , L e t  x ^ S  and c o n s i d e r  th e  c o l l e c t i o n  o f  a l l  
convex s u b s e t s  o f  S w hich  c o n t a i n  x .  The c o l l e c t i o n  i s  
nonempty s i n c e  x i s  co nvex , and t h i s  c o l l e c t i o n  may be 
p a r t i a l l y  o r d e r e d  by i n c l u s i o n ;  t h a t  i s  A4 B i f  and o n ly
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i f  A S B .  A lso ,  e a c h  l i n e a r l y  o r d e r e d  s u b s e t  has an  u p p e r  
bound , nam ely th e  u n io n  o f  th e  s e t s  i n  th e  c l a s s ,  and so  
by Z o r n 's  Lemma, t h e r e  e x i s t s  a  maximal e le m e n t ,  nam ely  a  
maximal convex  s e t  c o n ta in i n g  X. Thus e a c h  e le m e n t  o f  S i s  
c o n ta in e d  i n  some maximal convex s e t ,  so  S =
1 ,1 5 .  TH50REM. A s e t  S i s  s t a r - s h a p e d  i f  and o n ly  i f  t h e
i n t e r s e c t i o n  o f  a l l  th e  maximal convex s u b s e t s  o f  S i s
nonem pty .
P r o o f , L e t  t h e  c o l l e c t i o n  o f  a l l  maximal convex 
s u b s e t s  o f  S be d e n o te d  by j * I f  l e t
s Ê S ,  By Theorem l . l 4  s €  f o r  some 1 6 1 ,  Hence z s S m^ 
s i n c e  i s  co n v ex , and s i n c e  s  was an  a r b i t r a r y  p o i n t  o f  
S) S i s  s t a r - s h a p e d  w i th  r e s p e c t  t o  z .
To f i n i s h  t h e  p ro o f  i t  w i l l  be s u f f i c i e n t  t o  show t h a t
ck So sup pose  z<&ck S and suppose  t h a t  t h e r e
e x i s t s  a  maximal convex s e t  su c h  t h a t  Then f o r
a l l  m€M^, U £ z m  / m = conv fz,M^i i s  a  convex s e t  by
axiom i i ,  and m oreover i t  i s  a  s u b s e t  o f  S s in c e  z 6 ck  S 
and i t  p r o p e r l y  c o n ta in s  c o n t r a d i c t i n g  th e  maximal
n a tu r e  o f  M^, Hence z 6  f o r  e a c h  i  and ck
Many o f  t h e  im p o r ta n t  theo rem s o f  c o n v e x i ty  a r e  
i n t i m a t e l y  r e l a t e d  t o  an  u n d e r ly in g  t o p o l o g i c a l  s t r u c t u r e  
and  i t  i s  p o s s i b l e  a t  t h i s  t im e t o  i n t r o d u c e  a  to p o lo g y  on 
th e  s e t  X and  t o  r e l a t e  i t  t o  t h e  c o n v e x i ty  s t r u c t u r e ,  
Womble [ 2 2 ]  i n t r o d u c e d  a  to p o lo g y  i n t o  th e  c o n v e x i ty
s t r u c t u r e  by c o n s i d e r i n g  th e  s e t  X t o  be i n  w i th  th e  
r e s u l t i n g  to p o lo g y  and h y e r p l a n e s .  S h i r l e y  [ l 6 j  d id  i t  
by c o n s i d e r i n g  th e  H a u sd o r f f  to p o lo g y  f o r  P (X ),
I t  m ig h t  be n a t u r a l  t o  a sk  w hat a d d i t i o n a l  axiom s 
would be r e q u i r e d  t o  y i e l d  th e  u s u a l  convex s t r u c t u r e  when 
X i s  th e  E u c l id e a n  space  E^ w i th  th e  u s u a l  t o p o lo g y .  Kay 
and Womble [ . i j  have su c ce ed e d  i n  l i s t i n g  a  s e t  o f  axiom s 
f o r  t h e  c o n v e x i ty  s t r u c t u r e  on E*̂  t h a t  w i l l  g iv e  th e  u s u a l  
convex  s e t s .
R e c e n t ly  i n  a  p a p e r  by Mah, N a im p a l ly ,  and W h i t f i e l d  
[ 1 2 ] ,  a  c h a r a c t e r i z a t i o n  o f  a  l i n e a r  t o p o l o g i c a l  sp a ce  
among a l l  t o p o l o g i c a l  c o n v e x i ty  s t r u c t u r e s  was g iv e n .
CHAPTER I I  
THE ECKHOFF PRODUCT
The c o n c e p t  o f  d e f i n i n g  th e  p r o d u c t  o f  two mathema­
t i c a l  sy s te m s  i s  a  l o g i c a l  o u tg ro w th  o f  th e  m a th e m a t ic a l  
p r o c e s s  i n  a lm o s t  a l l  a r e a s  o f  m a th e m a t ic s .  The f i r s t  work 
on th e  p r o d u c t  o f  g e n e r a l i z e d  c o n v e x i ty  s t r u c t u r e s  was done 
by J .  E . E ck h o ff  i n  R e c e n t ly  Reay CihJ c o n s id e r e d
E c k h o f f 's  p ro d u c t  i n  a  r e s t r i c t e d  s e t t i n g ,  and S a n d s tro m  
C15D c o n s id e r e d  p r o d u c t s  o f  g e n e r a l i z e d  l i n e a r  s p a c e s .
The f o l lo w in g  d e f i n i t i o n  f o l lo w s  th e  one g iv e n  by 
E c k h o f f .
2 . 1 .  DEFINITION. G iven two c o n v e x i ty  s t r u c t u r e s  (X, 
and  a  s e t  C i n  th e  C a r t e s i a n  p r o d u c t  sp a c e  X % Y
i s  convex  i f  and o n ly  i f  G i s  th e  C a r t e s i a n  p r o d u c t  o f  a  
convex  s e t  i n  w i th  a  convex s e t  i n  T h is  p r o d u c t
w i l l  be te rm ed  th e  E c k h o f f  p ro d u c t  o f  X and  Y, and d e n o te d
The f o l lo w in g  t h r e e  d e f i n i t i o n s  w i l l  be used  i n  th e  
r e m a in in g  c h a p t e r s .  R e l a t i o n s h i p s  be tw een  th e  C a r a th e o d o r y ,  
H e l ly ,  and Radon num bers f o r  g e n e r a l i z e d  c o n v e x i ty  s t r u c ­
t u r e s  were p roved  i n  [ l l j .
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2 . 2 .  DEFINITION. A c o n v e x i ty  s t r u c t u r e  (X ,(^  ) i s  s a i d  t o  
have C a ra th e o d o r y  number c i f  and  o n ly  i f  c i s  th e  l e a s t  
c a r d i n a l  number f o r  w hich  i t  i s  t r u e  t h a t  f o r  any  A ^ X ,
conv A = U  f c o n v  B 1 B ^  A, c a r d  B i  c } .
2 . 3 .  DEFINITION. A c o n v e x i ty  s t r u c t u r e  ( X ,6  ) i s  s a i d  t o
have a  H e l ly  number h i f  and o n ly  i f  h i s  t h e  l e a s t  
c a r d i n a l  number f o r  w hich  i t  i s  t r u e  t h a t  e a c h  f i n i t e  
s u b f a m i ly  ^  o f  é  h a v in g  h+1 members h as  nonempty i n t e r s e c t i o n  
i f  e a c h  h o f  them m eet •
2 . 4 .  DEFINITION. A c o n v e x i ty  s t r u c t u r e  (X, <S ) i s  s a i d  t o
have Radon number r  i f  and o n ly  i f  r  i s  t h e  l e a s t  c a r d i n a l  
number f o r  w hich  i t  i s  t r u e  t h a t  e a c h  s e t  A ^  X h a v in g  
c a r d i n a l i t y  a t  l e a s t  r  p o s s e s s e s  a  p a r t i t i o n  (A,B) su c h  
t h a t  (conv  A) H  (conv B) 0 ,
We s t a t e  h e re  f o r  l a t e r  r e f e r e n c e  a  r e s u l t  o f  E c k h o f f  
on t h e  E c k h o f f  p r o d u c t .  The p r o o f  may be fo u n d  i n  C 53*
2 . 5. THEOREM, (E c k h o f f )  I f  (X, 6 _ )  and ( Y , S y )  a r e
c o n v e x i ty  s t r u c t u r e s  w i th  Radon num bers m and  n r e s p e c t i v e l y ,
P
t h e n  (X X Y, has a  Radon number r  a n d ,x^y
max (m ,n) £ r  5:m+n+l.
I t  was r e c e n t l y  p roved  by S ie rk sm a  and Boland £ l7  ]
t h a t  t h e  l e a s t  u p p e r  bound f o r  r  i n  t h e  above th eo rem  i s
m+n. A lso ,  Reay [ l 4 ]  had p ro v ed  e a r l i e r  t h a t  i f  th e  
f a c t o r  s p a c e s  a re  E u c l id e a n  s p a c e s  h a v in g  t h e  u s u a l  
c o n v e x i ty  s t r u c t u r e  t h e n  w i l l  have a  C a ra th e o d o ry
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number l e s s  t h a n  o r  e q u a l  t o  th e  sum o f  th e  d im e n s io n s  o f  
th e  f a c t o r  s p a c e s .
A few o r i g i n a l  r e s u l t s  c o n c e rn in g  th e  E c k h o f f  p ro d u c t  
w i l l  now be g iv e n ;  a l t e r n a t i v e  d e f i n i t i o n s  f o r  p r o d u c t s  o f  
g e n e r a l i z e d  c o n v e x i ty  s t r u c t u r e s  w i l l  be c o n s id e r e d  l a t e r .
2 . 6 .  LEr.lT.lA. F o r  any s u b s e t s  a S x  and B ^ Y , 
conv (A X B) = conv A X conv B,
P r o o f . S in c e  conv A/ conv B i s  a  convex s e t  i n  X XÏ  
c o n ta in i n g  A X B, we have conv (AX B) C- conv A / c o n v  B. To 
r e v e r s e  th e  i n c l u s i o n ,  s in c e  conv (AX B)^(Sx,ty» 
conv (AX B) = CXD f o r  some But f o r  any x € a ,
y 6 B  we have ( x ,y ) & c o n v  (AX B) ^  x ^  C and y €  D, so  C and D 
a re  convex s e t s  c o n t a i n i n g  A and B, and th u s  conv A ^ C ,  
conv B 5 D .  Hence conv Ax conv B ^ G x  d = conv (A X B ).
2 . 7 .  COROLLARY. I f  Pj  ̂,P 2 ». . .  ,Pj^€ X X Y th e n
conv ( P j ^ . P g f - f P j ç )  = conv (n '^ (P ]^ ) , *nr'^(P2) t • • • i ^  ^  
conv ( t T y ( P j ) ,  7 r y ( P 2 ) , . . i , ‘7 ry(P j^)).
T h e re fo r e  we know t h a t  i f  AC X f  Y and ( x ,y )  6  conv A, 
where t h e r e  e x i s t  m p o i n t s  p ^ , . . . , p ^ € A  w i th  
X 6 conv f  ) * "  * * By X h av in g  C a ra th e o d o ry
number l e s s  th an  o r  e q u a l  t o  m, and n p o i n t s  q ^ , . . . , q j ^ € i  A 
w i th  y 6 conv (T/'y (q^ ) , . . . , 7 ry (q ^ )}  by Y h a v in g  C a ra th e o d o ry  
number l e s s  t h a n  o r  e q u a l  t o  n ,  th e n  
( x , y ) 6  conv  ̂• * * * » ‘̂ x^Pm^ •  ̂• • • *
conv [ r r ^ ( p ^ ) ........... 'rr^(P j^), l T y ( q ^ t r y ( q ^ ) }
= conv {,Pj^, . .  • ,Pj^,qj^ » • • • ,q ^  } •
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T h is  r e s u l t  y i e l d s  th e  f o l lo w in g  two th e o re m s .
2 . 8 .  THEOREM. I f  X i s  domain f i n i t e  and Y i s  domain 
f i n i t e ,  t h e n  XX Y i s  domain f i n i t e ,
2 . 9 .  THEOREM. I f  X has  a  C a ra th e o d o ry  number m and Y has 
C a ra th e o d o ry  number n ,  th e n  X x Y has a  C a ra th e o d o ry  number 
l e s s  t h a n  o r  e q u a l  to  m+n.
2 .1 0 .  REMARK. A lth oug h  i t  i s  an  open q u e s t i o n  a s  t o
w h e th e r  t h e  upper bound , m+n, f o r  th e  C a ra th e o d o ry  number
can  be im proved , i t  i s  p o s s i b l e  t o  show t h a t  max (m,n) i s  
l e s s  t h a n  o r  e q u a l  t o  th e  C a ra th e o d o ry  number c f o r  x*y* 
T hus, m ax(m ,n) ^  c <.m+n. M oreover, t h i s  . low er bound i s  th e  
b e s t  p o s s i b l e  r e s u l t  a s  th e  f o l lo w in g  exam ple shows,
2 .1 1 .  EXAMPLE. L e t  (X,  be d e f in e d  a s  X = w i th  
t h e  u s u a l  c o n v e x i ty  s t r u c t u r e  on and (Y, ) a s  Y = R^,
Cy = (y I J y l£ l} » T h e n  A = conv £ ( 1 , 1 ) ,  ( 2 ,1 ) }  i s  th e
h o r i z o n t a l  l i n e  segm ent j o i n i n g  th e  two p o i n t s ;  hence 
( 3 / 2 , 1 )  £ a and ( 3 / 2 , 1 )  i s  n o t  i n  th e  convex  h u l l  o f  l e s s  
t h a n  th e  two o r i g i n a l  p o i n t s .
We s h a l l  now prove  th e  a s s e r t i o n  made i n  t h e  above 
rem ark  c o n c e rn in g  th e  lo w e r  bound on th e  C a ra th e o d o ry  
number i n  th e  p ro d u c t  s p a c e ,
2 .1 2 .  THEOREM. L e t  ( X ,€  ) and (Y, 6  ) be two convex
/
s t r u c t u r e s  h a v in g  C a ra th e o d o ry  numbers m and n r e s p e c t i v e l y ,
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th e n  th e  C a ra th e o d o ry  number c o f  th e  p r o d u c t  s t r u c t u r e  
(XX Y, s a t i s f i e s  th e  i n e q u a l i t y  max ( m ,n ) j^ o .
P r o o f . Assume m = max (m ,n ) ;  t h e n  s i n c e  t h e r e  e x i s t  
m p o i n t s  x ^ , . . . , x ^  and  m i s  th e  C a ra th e o d o ry  number o f  
(X, t h e r e  e x i s t s  a  p o i n t  p su c h  t h a t  p 6  c o n v fx ^ , . . .  , x ^
and p does n o t  b e lo n g  t o  th e  convex h u l l  o f  any  m-1 o f  th e  
p o i n t s .  L e t  y ^  Y; we c la im  t h a t  ( p » y ) ^  conv  £ ( x ^ , y 
(Xm.y)3 b u t  n o t  i n  any  p r o p e r  s u b s e t .  T h a t  ( p ,y )  b e lo n g s  t o
th e  convex h u l l  i s  c l e a r  from  th e  d e f i n i t i o n  o f  th e  
E c k h o ff  p r o d u c t .  Now assume t h a t  ( p ,y )  b e lo n g s  t o  th e  
convex h u l l  o f  { (x^^,y ) , . . . ,  (x ^ _ j^ ,y ) , . y ) , . . . ,  (x^^^.y) }  . 
But th e n  ) , . . . ,  (x^_^ , y ) , (x^_j_  ̂, y ) , . . . ,  ( x ^ . y ) }  ^
conv ( x i , . . . , x ^ _ ^ , x ^ ^ ^ , . . . , x ^ ^ / Y > w h i c h  i s  a  convex s e t  
e x c lu d in g  ( p ,y )  c o n t r a r y  t o  o u r  a s s u m p t io n .
Having o b ta in e d  r e s u l t s  c o n c e rn in g  t h e  Radon and 
C a ra th e o d o ry  numbers one would n a t u r a l l y  hope f o r  a  r e s u l t  
c o n c e rn in g  th e  H e l ly  number f o r  th e  E c k h o f f  p r o d u c t .  T h is  
i s  c o n ta in e d  in  th e  f o l lo w in g  th e o re m .
2 .1 3 .  THEOREM. L e t  (X, and (Y ,< fy )  have  H e l ly  numbers 
o f  h^and hg, r e s p e c t i v e l y ,  and l e t  h=max { h^^, hg'V , Then 
(XXY, has a  f i n i t e  H e l ly  number w h ich  i s  l e s s  th a n
o r  e q u a l  t o  h .
P r o o f . Suppose ^  i s  a  f i n i t e  s u b f a m i ly  o f  Q ,  h a v in g  
h+1 members su c h  t h a t  f o r  e v e ry  h.members o f  ^  , 
t h e i r  i n t e r s e c t i o n  i s  nonem pty . Then c o n s i d e r  th e  f a m i ly  
d e f in e d  t o  be } . The i n t e r s e c t i o n
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o f  e v e r y  members i s  non-em pty  and hence th e  i n t e r s e c t i o n  
o f  th e  whole f a m i ly  i s  n o n -em p ty . T h a t  i s ,  t h e r e  e x i s t s  
a  p^ su c h  t h a t  f o r  e a c h  C^6 t h e r e  i s  su c h  t h a t
Ci» S i m i l a r l y  t h e r e  e x i s t s  Pg su c h  t h a t  f o r  
e a c h  t h e r e  i s  x^ s u c h  t h a t  (Xj^,P2 ) €  By th e
d e f i n i t i o n  o f  th e  E c k h o ff  p r o d u c t  (p ^ iP g )  b e lo n g s  t o  e a c h  
C^, hence  ( X X Y ,€ ^ ^ y )  has a  H e l ly  number l e s s  th a n  o r  
e q u a l  t o  h .
I t  i s  n a t u r a l  t o  a s k  i f  th e  r e s u l t  i n  Theorem 2 .1 3  i s  
th e  b e s t  p o s s i b l e .  The f o l lo w in g  exam ple answ ers  i n  th e  
a f f i r m a t i v e .
2 . 1 4 .  EXAMPLE. L e t  6 ^  = ( c |  | C / £ 4 } ,  ={c  | lC /£
t h e n  h^ f o r  = 5 ,  hg f o r  = 3t a l s o  l e t  
a  = ( 1 ,2 )  b = ( 2 ,2 )  c = ( 3 ,2 )  d = ( 4 ,2 )  e = ( 5 , 2 )  
“< = ( 1 , 1 )  > ^ = ( 2 , 1 )  % = ( 3 ,1 )  cT= ( 4 ,1 )  f  = ( 5 ,1 )
and ^ a , b , c , d , % ^ , %  = f a , b , c , e , « f , / , X , 6 J
— ^a, b , d , e ,^,oT,^3 “ ̂ a ,c ,d ,e ,^ \Y ,^ \^ 3
= ^ b ,c ,d ,e , / ,o ,cT ,
I t  i s  r o u t i n e  t o  show t h a t  th e  i n t e r s e c t i o n  o f  any  f o u r  o f  
t h e  above s e t s  i s  n o t  empty b u t  = 0* A s i m i l a r
exam ple c o u ld  be c o n s t r u c t e d  f o r  any two numbers h^ and h ^ ,  
show ing  t h a t  h = max ^ h ^ ,h 2Ï  i s  th e  b e s t  p o s s i b l e  r e s u l t .
A f i n a l  rem ark  c o n c e rn in g  E c k h o ff* s  p r o d u c t  i s  i n  o rd e r .  
A b a s i c  p r o p e r t y  c o n c e rn in g  c o n v e x i ty  s t r u c t u r e s  i s  how 
th e y  a r e  r e l a t e d  to  l i n e  segm en ts  and l i n e s .  The E c k h o f f
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. L ( a , b )
F ig u re  2 . 1 ,
a
p r o d u c t  o f  two i n t e r v a l  convex­
i t y  s t r u c t u r e s  may c o n t a i n  two 
d i s t i n c t  l i n e s  h a v in g  more th a n  
one p o i n t  o f  i n t e r s e c t i o n ,  
where th e  l i n e  c o n t a i n i n g  a  
and b ,  L ( a , b )  i s  d e f in e d  as  
abU  ^c  I a 6  b c jU  ( d \  d a } .
I f  X = Y = th e  o r d i n a r y  c o n v e x i ty  sp a ce  th e  l i n e
c o n t a i n i n g  p o i n t s  a  and b i s  a s  i l l u s t r a t e d  i n  t h e  sh a d ed
r e g i o n  i n  F ig u r e  2 , 1 ,
A ls o ,  i f  X = Y = R^ and and a r e  t h e  c o n v e x i ty
s t r u c t u r e s  c o n s i s t i n g  o f  c lo s e d  convex s e t s ,  t h e n  C 6 (^xxy
2
i f  and  o n ly  i f  C i s  a  c lo s e d  r e c t a n g l e  i n  R , L e t  S be 
th e  open r e c t a n g l e  w i th  v e r t i c e s  a t  ( 1 , 1 ) ,  ( 1 , 2 ) ,  ( 3 , 1 ) ,  
( 3 , 2 ) »  Then t h e  convex h u l l  o f  S i s  th e  c lo s e d  r e c t a n g l e  
h a v in g  th e  same v e r t i c e s  b u t  y e t  xyC.S f o r  e a c h  x , y £ S ;  
i , e ,  t h e  c o n v e x i ty  s t r u c t u r e  i s  n o t  g e n e r a t e d  by i t s  l i n e  
s e g m e n ts ,  and  t h u s ,  i s  n o t  an  i n t e r v a l  c o n v e x i ty  s t r u c t u r e .  
The E c k h o f f  p r o d u c t  i s  e a s y  t o  d e f i n e  b u t  t h e  convex 
s e t s  i n  th e  p r o d u c t  sp a ce  a re  n o t i c a b l y  r e s t r i c t e d .  Even 
f o r  t h e  s im p le  c a s e  when X and Y a re  o n e -d im e n s io n a l  
E u c l id e a n  s p a c e s  w i th  th e  u s u a l  c o n v e x i ty  s t r u c t u r e s ,  th e  
c l a s s  o f  convex  s e t s  i n  th e  p ro d u c t  sp ace  a r e  t h e  r e c t a n g l e s  
w i th  s i d e s  p a r a l l e l  t o  th e  c o o r d i n a t e  a x e s .  I t  would seem 
d e s i r a b l e  t o  have a  p ro d u c t  c o n c e p t  w h ich , when r e s t r i c t e d  
t o  t h e  c l a s s i c a l  s e t t i n g ,  y i e l d s  th e  c l a s s i c a l  convex s e t s  
i n  t h e  p r o d u c t  s p a c e .
CHAPTER I I I
THE COMPLEMENT PRODUCT
I n  t h i s  c h a p t e r  we s h a l l  d e f i n e  a  p ro d u c t  o f  two 
c o n v e x i ty  s t r u c t u r e s  which c o n t a i n s  more convex s e t s  th a n  
th e  E c k h o f f  p r o d u c t .  Our d e f i n i t i o n  i s  m o t iv a te d  by th e  
T y ch onoff  P r o d u c t  i n  g e n e r a l  to p o lo g y .
As b e f o r e ,  i t  s u f f i c e s  t o  d e f in e  th e  p ro d u c t  o f  two 
c o n v e x i ty  s t r u c t u r e s ,  a s  th e  method o f  d e f i n i n g  th e  p ro d u c t  
o f  any f i n i t e  number o f  s t r u c t u r e s  w i l l  t h e n  be o b v io u s .
F o r  c o n v e n ie n c e  l e t  co^A d e n o te  th e  r e l a t i v e  complement o f  A 
i n  X; t h a t  i s ,  f o r  a r b i t r a r y  s e t s  A c x ,  co^A = { a € X / a  ^A^,
3 .1 ,  DEFINITION. L e t  (X, and  ( Y , ê y )  be two c o n v e x i ty  
s t r u c t u r e s .  I n  th e  C a r t e s i a n  p r o d u c t  XXY,  d e f in e  th e  
complem ent c o n v e x i ty  s t r u c t u r e  by t a k i n g  a s  a b a s i sXAy
s e t s  o f  th e  fo rm  co (co C X c o  D) where C 6  (S and
X X y  X y  X
D€ Then C ^ ^ ^ x y  ^^id o n ly  i f  t h e r e  e x i s t s  an
in d e x in g  s e t  1 and a  f a m i ly  o f  s e t s  C. €  ^  and D .^(?  f o rI X  1 y
i é l  su c h  t h a t  C = cO y ^ ./c o  C. x  co D. ) ,
• A A y  X  J, y  1
3 . 2 ,  REMRK. S in c e  th e r e  i s  l i t t l e  chance  o f  c o n fu s io n ,
we s h a l l  d ro p  th e  s u b s c r i p t  n o t a t i o n  and s im p ly  use "co" f o r
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®®xxy* °°x* cOy. I t  i s  t h e n  a  r o u t i n e  e x e r c i s e  t o  show 
t h a t  0 ,  and i s  c l o s e d  u n d e r  i n t e r s e c t i o n  and
hence ^ c o n v e x i ty  s t r u c t u r e  on XXY.
The f o l l o w i n g  lemma i s  p r e s e n t e d  t o  s h o r t e n  some o f  
t h e  l a t e r  t h e o r e m s .  The p r o o f s  a r e  o m i t t e d  s i n c e  t h e y  a re  
e l e m e n t a r y  s e t  t h e o r e t i c  e x e r c i s e s .
3 . 3 .  LEMMA. For  a l l  AC X, B C y ,
a )  CO (A X B) = ( ( c o  A) x  B) U (A x (co B ) ) U ( ( c o A ) X  (coB)]i
b )  CO ( (coA) X (COB)) = ( ( c o A )^  B )U  (AX ( coB ) ) l / (AX B).
c )  conv (AX B ) ^  conv A X conv B.
3 . 4 .  EXAMPLE. I f  ( X , J  and ( Y . ^ y )  a r e  two t o p o l o g i c a l  
s p a c e s  and  (X, and (Y, (^y) a r e  t h e  c o n v e x i t y  s t r u c t u r e s  
o b t a i n e d  by d e f i n i n g  a  s e t  t o  be convex i f  and o n ly  i f  i t  
i s  a  c l o s e d  s e t  i n  t h e  t o p o l o g y .  Then t h e  c o n v e x i t y  s t r u c ­
t u r e  (^xyy p r e c i s e l y  th e  c l o s e d  s e t s  i n  th e  p r o d u c t  
to p o lo g y  f o r  XX Y. For  i f  C and D a r e  c l o s e d  s e t s  i n  X 
and Y r e s p e c t i v e l y ,  t h e n  co CX co D i s  t h e  p r o d u c t  o f  open 
s e t s  and hence open i n  th e  to p o lo g y  f o r  X X Y, and
CO (co C X CO D) i s  c l o s e d  i n  t h e  t o p o lo g y  f o r  Xx Y, so  t h a t  
i f  P i s  i n  ^ x i t y  t h e n  P i s  c l o s e d .  F i n a l l y  i f  P i s  a  
c l o s e d  s e t  i n  t h e  to p o lo g y  f o r  XX Y and p ^  F t h e n  by th e  
d e f i n i t i o n  o f  t h e  p r o d u c t  to p o lo g y  t h e r e  a r e  open s e t s  A 
and B i n  X and Y r e s p e c t i v e l y  such  t h a t  p 6  A^ B and 
( AX^ HF  = 0» But t h e n  co (AX B) i s  a  convex s e t  c o n t a i n i n g  
F b u t  e x c l u d i n g  p ,  showing t h a t  i f  F i s  c l o s e d  i n  th e  
p ro d u c t  to p o lo g y  t h e n  i t  i s  i n y
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3 . S. EXAMPLE « L e t  X = Y = and suppose  t h a t  and ^
a r e  t h e  c l o s e d  convex s e t s  i n  X and Y» Then a  b a s i s  f o r  
/O C 2V c o n s i s t s  o f  any t h r e e  c l o s e d  q u a d r a n t s  i n  E and t h e i r  
t r a n s l a t i o n s .  The shaded  p o r t i o n s  o f  F i g u r e s  3 .1  and 3*2 
below i l l u s t r a t e  two convex s e t s  i n  t h e  b a s i s  and F i g u r e s  
3 . 3  and 3*^ i l l u s t r a t e  two convex  s e t s  i n  S ^ x y *
F i g u r e  3 .1
F i g u r e  3 .3
F i g u r e  3 .2
F i g u r e  3 . 4
3 . 6 .  THEOREM. I f  X = r ”' and Y = R^, and and a r e
t h e  u s u a l  c o n v e x i ty  s t r u c t u r e s  f o r  X and Y, and S i s  a
convex  s e t  i n  th e  u s u a l  s e n s e  i n  t h e  l i n e a r  sp ace  XX Y -  R^*^
t h e n  S b e lo n g s  t o  t h e  p r o d u c t  c o n v e x i t y  s t r u c t u r e  o f
D e f i n i t i o n  3*1*
a  maximal convex s e t  i n  Y c o n t a i n i n g  (A) b u t  e x c l u d i n g
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P r o o f . I t  i s  s u f f i c i e n t  t o  show t h a t  f o r  each  
z € X ^ Y \ S  t h e r e  i s  a  s e t  i n  which c o n t a i n s  S b u t  n o t
z .  L e t  z = ( x , y )  where x ^ X  and y GY. We know t h a t ( x )  
and A = " ^ ” ^ ( x ) n s  a r e  o r d i n a r y  convex s e t s  i n  X ■’f Y s  
Note t h a t  i f  A = #  t h e n  c o ( c o ^ ( S ) / c o  0)  i s  a  convex  s e t  
c o n t a i n i n g  S b u t  n o t  z ,  so  we may assume k 0  0 ,  Also  1T^(A) 
i s  a  convex s e t  i n  Y w hich  e x c l u d e s  y . Hence t h e r e  e x i s t s  
I 
y .  (See f i g u r e  3»5«)
S i m i l a r l y ,  B = 17^^( y ) A S  i s  a  convex s e t  i n  t h e  
u s u a l  s e n s e  and V)^(B) i s  a  convex  s e t  i n  X w hich  e x c l u d e s  
X. Hence t h e r e  i s  a  maximal convex  s e t  c o n t a i n i n g  77^(B) 
b u t  e x c l u d i n g  x .
We t h e n  c l a i m  t h a t  c o (c o  co M^) i s  a  convex s e t  i n
Q
C  xxy which  c o n t a i n s  S b u t  n o t  z .  I t  i s  o b v io u s  t h a t  
z ^ c o ( c o  CO My), s i n c e  x  é  co and y  Geo My. To show 
t h a t  S G c o ( c o  M^Xco My) l e t  c = ( a , b ) € S  where a  Gx ,  b 6 Y. 
I t  i s  t h e n  s u f f i c i e n t  t o  show t h a t  i f  a ^ t h e n  b Gi.iy,
Assume b ^  My. Again th e  maximal p r o p e r t y  o f  My i m p l i e s  
y ^ c o n v  ( [  b j  U A) ) ,  f o r  i f  n o t ,  t h e n  l e t t i n g  Mÿ be a 
maximal convex s e t  c o n t a i n i n g  conv ( £  b } l / ' f î ^ ( A ) ) b u t  n o t  
y , t h e n  Mÿ c o n t a i n s 'Dÿ.CA) and n o t  y o r  MÿCMy im p ly in g  th e  
c o n t r a d i c t i o n  b ^ M y .  Hence t h e r e  e x i s t s  a  d G / ) ÿ ( A )  such  
t h a t  y l i e s  on t h e  segment  bd j  and we may suppose  p 6A such  
t h a t  fX  ( p ) = d .  S in c e  O ÿ  maps segm ents  o n to  s e g m e n ts ,  7?ÿ. 
t a k e s  cp  t o  bd |  t h e n  y G'TTÿ(cp) o r  cp  m e e t s (y ) ,  That  
i s ,  s i n c e  c p £  S and B = TT (y )A S ,  cp  m ee ts  B a t  a  p o i n t  q .
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Now c o n s i d e r  <7^(B) and S in c e  <7^ maps t h e  segment  cp
o n to  segment  x a ,  t h e n  e = < ^ ( q ) é x a .  But  e 6 and u nder  t h e  
a s su m p t io n  t h a t  a ^ M ^  t h e n  xartM^ = 0 ,  a. c o n t r a d i c t i o n .
F ig u r e  3 .5
3 . 7 .  REMARKS. Using  D e f i n i t i o n  3*1 f o r  t h e  p r o d u c t  o f  two 
o r d i n a r y  c o n v e x i t y  s t r u c t u r e s ,  t h e  p r o j e c t i o n  o f  a  convex 
s e t  may n o t  be c o n n e c t e d .  Also  t h e  c o n n e c te d  components o f  
t h e  p r o j e c t i o n  o f  a  convex s e t  need  n o t  be convex  i n  t h e  
f a c t o r  s p a c e .  To s e e  t h i s  one need  o n ly  s t u d y  th e  example 
i l l u s t r a t e d  i n  F i g u r e  3«6.
A l though  t h e  p r o j e c t i o n s  o f  convex  s e t s  t o  th e  f a c t o r  
s p a c e s  do n o t  behave  a s  w e l l  a s  i n  t h e  E c k h o f f  p r o d u c t  
(where t h e  p r o j e c t i o n  o f  a  convex s e t  i s  a lw ays  c o n v e x ) ,  th e  
n e x t  theo rem  shows a  r e s u l t  t h a t  c an  be o b t a i n e d  and w i l l  
s e r v e  a s  a  c o m p a r is o n  f o r  th e  d e f i n i t i o n  i n t r o d u c e d  i n  th e  
n e x t  c h a p t e r .
22
a  convex s e t  i n  t h e  comple­
ment p r o d u c t  o f  and e 2-- 
i t  i s  t h e  h u l l  o f  t h e  10 
i n d i c a t e d  p o i n t s .
R'
F i g u r e  3 ,6
3 . 8 .  THEOREM. I f  E C X X Y ,  t h e n  %  conv^^ E ^ c o n v ^  fT ( S ) ,X y X X
b u t  e q u a l i t y  need  n o t  o c c u r .
P r o o f . The example shown i n  F ig u r e  J , 6  shows t h a t  th e  
i n c l u s i o n  may be p r o p e r .  Assume x ^conv^-rT'^(E) and l e t  
A = c o n v ^ i f ^ ( E ) . Then c o ( c o  AXc o  0)  i s  a  convex  s e t  t h a t  
c o n t a i n s  E b u t  n o t  ( x , y )  f o r  any y € Y. Hence, f o r  each  
y ^ Y ,  ( x , y )  ^  conv^^y(E)  and t h e n  x ^ f )^ c o n v ^ ^ ^ E .
We now show t h a t  t h e  d e f i n i t i o n  o f  t h e  complement 
p r o d u c t  o f  two c o n v e x i t y  s t r u c t u r e s  i s  an  a s s o c i a t i v e  
o p e r a t i o n  which w i l l  i n d i c a t e  a method f o r  d e f i n i n g  th e  
p r o d u c t  o f  a  f i n i t e  number o f  c o n v e x i ty  s t r u c t u r e s .
3 . 9 .  THEOREM. F o r  any t h r e e  c o n v e x i ty  s t r u c t u r e s  ( X , , 
( Y , ^ y ) ,  and ( Z , 6 ^ )  and u n d e r  i d e n t i f i c a t i o n  o f  the  
p o i n t s  i n  ( XXY) XZ  and X X ( Y X Z )  th e n  xx( yxz  )= ^ ( x x y ) x z *
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P r o o f . L e t  C ^ ^ ^ x * y ) y z *  Then C = j ^ c o ( c o D ^ x  coE^)
where ^  ^ z *  A lso ,  f o r  eac h  i € I  t h e r e
e x i s t s  an  i n d e x  s e t  J ( i )  such  t h a t  D .= H  c o ( c o A . . x c o B . .)
^ j*X{î)
where f o r  e a c h  i € I  and j £ J ( i ) ,  €<2 x ®i j  ^ ^ y *
We d e f i n e  P. .=co(coB. . *coE,  f o r  e ac h  i  6 l ,  j € J ( i ) ,i j  i j  i
We s h a l l  show t h a t  C=c '  where
* i j  >‘ '=° P i j O ^  < ^ x . ( y , 2 ) '  ( x . y . z ) é C .
Then ( ( x , y ) , z ) ^ c o  D^x co E^ f o r  a l l  i  6 I , Hence e i t h e r  
( x , y ) $  CO o r  z $ c o  E^.  I f  z ^ c o  E^ t h e n  i t  f o l lo w s  
t h a t  ( y , z ) # c o  P . .  and ( x , y , z )  = ( x , ( y , z ) ) < ^ c o  A . . *  co P. .
J . J  X J  X J
o r  ( x , y , z ) € c o ( c o  A. . X co P . . )  f o r  a l l  j  6 J ( i ) ,  Hence
X  J  X J
( x , y , z )  6 C^.
I f  ( x , y ) ^ c o  D. t h e n  ( x , y ) f ^ c o  A. . X co B. . f o r  a l l
X X J  X J
j € J ( i ) ,  A ga in ,  i t  f o l lo w s  e a s i l y  t h a t  ( x , y , z ) € c ' ^ ,  
showing C ^ y .  I f  ( x , y , z ) ( : C / ,  t h e n  (x ,  ( y , z  ) )^coA^X coB^ f o r  
a l l  i  and j . We now f i x  i € I  and c o n s i d e r  t h e  two c a s e s  
z €  CO E^ o r  z ^ c o  E^.  I f  z ^  co E^ t h e n ,  o b v i o u s l y ,
( x , y , z  ) 6 co(coD^X co E^) f o r  e ach  i  6-1,  I f  z 6  co th e n  
e i t h e r  x ^  CO A . ,  o r  ( y , z ) $ c o  P . .  = co B . - X c o  E. j t h e n
X J  X  J  X  ̂  X
X ^ 0 0  A. . o r  y  4 CO B. . f o r  a l l  j ^ J ( i ) .  That  i s
X  J  X  J
( x , y )  €  n  c o ( c o  A. - x c o  B. . )  = D. and a g a in
J «
( x , y , z ) 6 c o ( c o  D^A CO E ^ ) .  S in ce  i  was a r b i t r a r y ,  
( x , y , z ) é c .  Thus ® 6  x« (yxz )•  * s i m i l a r  argument
r e v e r s e s  t h e  i n c l u s i o n ,  p r o v in g  & ° x x y ) x z  = I ^ L ( y / z ) '
The n e x t  r e s u l t s  w i l l  compare and c o n t r a s t  t h e  d e f i n i ­
t i o n  o f  c o n v e x i t y  p r o d u c t  a s  g i v e n  i n  t h i s  c h a p t e r  w i th
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t h e  E c k h o f f  p r o d u c t  i n  th e  p r e v i o u s  c h a p t e r  and th e  
d e f i n i t i o n  t o  be g iv e n  i n  t h e  n e x t  c h a p t e r •
3 . 1 0 .  THEOREM. L e t  X = w i t h  t h e  u s u a l  c o n v e x i ty  s t r u c ­
t u r e  and a C a r a th e o d o r y  number o f  tw o ,  and  l e t  (Y, <? ) be
J
any c o n v e x i t y  s t r u c t u r e  w i t h  a  C a r a t h e o d o r y  number o f  n .
Then ( Xx Y, ( S ^ j j y )  has C a r a th e o d o r y  number 2n,
P r o o f . L e t  SCXX.Y and l e t  p = ( x , y ) 6 c o n v  S.  Note
that y^conv -fh S; for if not, then co Coo 0 )<co(conv n'S ̂  
y J <y «y
i s  a  convex s e t  c o n t a i n i n g  S and n o t  p ,  which  c o n t r a d i c t s  
th e  h y p o t h e s i s  t h a t  p € conv S .
We c l a i m  t h a t  t h e r e  e x i s t  n o r  f e w e r  p o i n t s  s ^ , . . . , s ^  
su ch  t h a t  y  ^  conv ) , . . . , a nd such  t h a t
f l ' x ( S i ) f . . ' î 7 ^ x ^ ^ n ^ -  = A. I f  n o t ,  l e t
= {s 6 S  I f7^^(s ) 6 a^ .  I f  yf^convTT^ t h e n
c o C c o ( c o  A) X co (conv  fh’, S: )] i s  a  convex  s e t  whichy a
c o n t a i n s  S b u t  n o t  p ,  which i s  a  c o n t r a d i c t i o n .  S i m i l a r l y ,
t h e r e  e x i s t s  a  second  s e t  o f  n o r  f e w e r  p o i n t s
( t ^ , . . . , t ^ ^  c  S such  t h a t  y 3 c o n V y ( f y y ( t i ) , , , , , ? ? y ( t n ) }
and ) , . . . ,  € (3c,®“ ) .  We now c l a im  t h a t
p G c o n v  f s ^ , . . . , s ^ y t ^ , . . . , t ^ % .  To t h a t  e n d ,  l e t
c o n v ( S i , . . . , s ^ , t i , . . . , t ^ )  = Q,  o o ( c o  A , X c o  B. ) ,  where X n  X iX X X
^ i*  ®i convex  i n  and r e s p e c t i v e l y .  Now f o r
e ac h  i ,  {  s ^ , . . .  , s ^ , t ^  t ^ ] ^ c o ( c o  A ^ x c o  B^) .  L e t
s .  = ( x . , y . )  and t .  = ( x . , y . )  f o r  j = l , . . . , n ,  and we s h a l l  
J J J J J J
suppose  p ^ c o ( c o  A^x co B^) =^x^Aj|^ and  y ^ B ^ .  I f  f o r
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e v e r y  j we have x . ^ A .  and x . ^ A .  t h e n  x . , x . € c o  A. from
J  X J  X j  J X
w hich  i t  f o l l o w s  t h a t  ( s i n c e
s . , t . € c o ( c o  A.X CO B . ) o r  y • , y - é  B. f o r  e v e r y  j ) .  But
J  J  X X J  J  X
t h i s  means t h a t
y é conv  ^ ( s ^ ) }  = c o n v ( y ^ , . . .  ,y^^ C B^, a
c o n t r a d i c t i o n .  Hence f o r  some j ,  x .  o r  x . € A . . The
J  J  X
a rg u m e n t  b e i n g  sy m m e t r i c ,  suppose  x . 6 A . . Then f o r  e v e r y
J  X
j  and  y  €  conv f r 7 ^ ( t ^  ' f r y ( t ^ ) j =  convfy^  , . . .  B^,
a  c o n t r a d i c t i o n .  Hence p £ c o ( c o  A ^ x c o  B^) o r  
p 6  conv  ^ s ^ , . , . , s ^ , t ^ , . . . , t ^ l  a s  a s s e r t e d .
E le m e n ta r y  exam ples  may e a s i l y  be c o n s t r u c t e d  t o  show
t h a t  t h e  uppe r  bound f o r  t h e  C a r a t h e o d o r y  number i n  th e
p r e c e d i n g  theorem  i s  t h e  b e s t  p o s s i b l e  r e s u l t .
A l th o u g h  we were a b l e  t o  o b t a i n  a  r e s u l t  c o n c e r n in g
t h e  C a r a th e o d o r y  number f o r  t h e  p r o d u c t  s p a c e  when one o f
t h e  f a c t o r  s p a c e s  i s  , i n  g e n e r a l  t h e r e  does n o t  e x i s t
a  f i n i t e  C a r a th e o d o r y  number.  We p r e s e n t  an  example below
2
t o  show t h a t  t h e  p r o d u c t  o f  E h a v in g  t h e  u s u a l  c o n v e x i ty  
s t r u c t u r e  w i t h  i t s e l f  i s  i n f i n i t e .
I t  t h e n  f o l l o w s  a s  an  im m edia te  c o r o l l a r y  t h a t  i n  
g e n e r a l ,  t h e  c o n v e x i t y  s t r u c t u r e  d e f i n e d  by t h e  complement 
p r o d u c t  o f  two s p a c e s  need  n o t  be domain f i n i t e ,  even  i f  
t h e  f a c t o r  s p a c e s  have t h i s  p r o p e r t y .
A l s o ,  i t  s h o u ld  be m en t io n ed  t h a t  s i n c e  any s u b s e t  o f  
t h e  l i n e  y = x i s  a  convex s e t  i n  t h e  c o n v e x i t y  s t r u c t u r e
26
o b t a i n e d  by u s i n g  w i t h  t h e  u s u a l  c o n v e x i t y  s t r u c t u r e  f o r  
b o t h  o f  t h e  f a c t o r  s p a c e s ,  no f i n i t e  Radon number e x i s t s .
We s h a l l  now end t h i s  c h a p t e r  w i t h  an  example showing
/  2 2 
t h a t  t h e  C a r a th e o d o r y  number o f  E X E , where t h e  u s u a l
c o n v e x i t y  s t r u c t u r e  i s  used  f o r  e a c h  f a c t o r  s p a c e ,  i s
g r e a t e r  t h a n  o r  e q u a l  t o  32 .  S i m i l a r  examples  c a n  be
c o n s t r u c t e d  f o r  any power o f  two,  showing t h a t  th e
C a r a t h e o d o r y  number i s  i n f i n i t e .
3 . 1 1 .  EXAMPLE. L e t  p = ( ( 0 , 0 ) , ( 0 , 0 ) )  and l e t  
Pj  ̂ = ( ( c o s  0 , s i n  O ) , ( c o s  0,  s i n  0 ) ) ,
Pg = ( ( c o s ( l / 3 2 ) ' 2 <y, s i n ( l / 3 2 ) * 2  f^,
( c o s ( 1 / 1 6 )• 2 1/ ,  s i n ( l / l 6 ) ' 2 f f ) ) . . .  
p^2= ( ( c o s ( 3 1 / 3 2 ) . 2  i f ,  s i n ( 3 l / 3 2 ) ' 2 f r ) ,
( c o s ( 15/ l 6 ) - 2 lY, s i n ( 15 / l 6 ) - 2 i r  ) ) ,
F i g u r e  3»7 shows t h e  method by w hich  a l l  32 p o i n t s
a r e  d e f i n e d ,  where th e  p o i n t s  fy^(Pj^) and  '^^(Pj_) have b e en
l a b e l e d  a s  th e  p o i n t  i  f o r  c o n v e n i e n c e .
I t  i s  t h e n  r o u t i n e  t o  show t h a t  t h e  p o i n t  p ( t h e
o r i g i n  i n  E^)  i s  i n  t h e  convex  h u l l  o f  t h e  32 p o i n t s .  T h a t
2i s ,  i t  i s  i m p o s s i b l e  t o  f i n d  a  convex s e t  C i n  E = X t h a t
2
does  n o t  c o n t a i n  t h e  o r i g i n ,  and a  convex s e t  D i n  E = Y 
t h a t  does  n o t  c o n t a i n  th e  o r i g i n  b u t  su c h  t h a t  
o r  fX^(Pj^) ^  D f o r  each  i .  (A ga in ,  i f  one t r i e s  t o  e x c lu d e  
t h e  o r i g i n  from convex s e t s  i n  b o t h  X and Y, t h e n  one a l s o  
e x c l u d e s  b o t h  p r o j e c t i o n s  o f  some p o i n t  p ^ . )
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I t  i s  now an e l e m e n t a r y  e x e r c i s e  t o  show t h a t  p does
n o t  b e lo n g  t o  t h e  convex  h u l l  o f  any p r o p e r  s u b s e t  o f  th e
o r i g i n a l  32 p o i n t s .  T h a t  i s ,  i t  i s  p o s s i b l e  t o  f i n d  a
2
convex  s e t  C i n  E = X t h a t  e x c lu d e s  th e  o r i g i n  i n  X and
2
a  convex  s e t  D i n  E = Y t h a t  e x c l u d e s  t h e  o r i g i n  i n  Y and 
su c h  t h a t  ■7î^(p^)6C o r  6  D f o r  a l l  i  e x c e p t  one .
F i g u r e  3 . 8  shows t h e  convex s e t s  needed  i n  e a c h  f a c t o r  
sp a c e  t o  c o n s t r u c t  a  convex  s e t  i n  the  p r o d u c t  s p a c e  t h a t  
w i l l  c o n t a i n  (Ü ) \ f P ^ b u t  n o t  th e  o r i g i n  p .
F i g u r e  3*9 shows t h e  convex s e t s  needed  i n  e a c h  f a c t o r  
s p a c e  t o  c o n s t r u c t  a  convex  s e t  i n  th e  p r o d u c t  s p a c e  t h a t  
w i l l  c o n t a i n  ( U fp^} b u t  n o t  th e  o r i g i n  p .
F i g u r e  3 «10 shows t h e  convex s e t s  needed  i n  e a c h  f a c t o r  
s p a c e  t o  c o n s t r u c t  a  convex  s e t  i n  th e  p r o d u c t  s p a c e  t h a t  
w i l l  c o n t a i n  ( 0^P^_} b u t  n o t  th e  o r i g i n  p .
F i g u r e  3*11 shows t h e  convex s e t s  needed  i n  e a c h  f a c t o r  
s p a c e  t o  c o n s t r u c t  a  convex  s e t  i n  the  p r o d u c t  s p a c e  t h a t  
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F ig u r e  3#11
CHAPTER IV
THE PROJECTIVE PRODUCT
I n  t h i s  c h a p t e r ,  i n  c o n t r a s t  t o  t h e  p r o d u c t  c o n c e p t s  
c o n s i d e r e d  i n  the  p r e c e d i n g  two c h a p t e r s ,  we d e f i n e  a  t r u e  
g e n e r a l i z a t i o n  o f  th e  o r d i n a r y  p r o d u c t  o f  t h e  u s u a l  
c o n v e x i t y  s t r u c t u r e s  i n  r e a l  v e c t o r  s p a c e s .  We s h a l l  
r e s t r i c t  o u r  a t t e n t i o n  to  o n ly  th o s e  f a c t o r  sp a c e s  t h a t  a r e  
p o i n t - c o n v e x  c o n v e x i ty  s t r u c t u r e s  and t o  o n ly  the  c a s e  X=R^ 
and Y=R"\ Throughout  t h i s  c h a p t e r  'ïK and w i l l  d en o te  
t h e  o r t h o g o n a l  o r  C a r t e s i a n  p r o j e c t i o n s  from t o  R^ and
R^ r e s p e c t i v e l y ,  i . e .  0 ^ ( a , h ) = a  and ' ^ ( a , b ) = b .  A lso ,  
p^ and Py w i l l  den o te  p r o j e c t i o n s  ( n o t  n e c e s s a r i l y  o r t h o ­
g o n a l )  f rom o n to  R^X and r e s p e c t i v e l y .
T ha t  i s ,  p^ i s  a  l i n e a r  o p e r a t o r  w i t h  domain R^*^ and 
r an g e  r’̂  X f  o j  su c h  t h a t  p^ = p . We l e t  (p and (PA X X y
den o te  t h e  r e s p e c t i v e  c l a s s e s  o f  a l l  su c h  p r o j e c t i o n s .
S in c e  t h e r e  i s  l i t t l e  chance  o f  c o n f u s i o n  we can i d e n t i f y  
[ o j  w i th  and sa y  p^ i s  a  p r o j e c t i o n  on to  R™.
4 . 1 .  DEFINITION. L e t  and (R^, be p o i n t - c o n v e x
c o n v e x i t y  s t r u c t u r e s ,  and d e f i n e  t h e  p r o j e c t i v e  p r o d u c t
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c o n v e x i t y  s t r u c t u r e  ^  ^xy as  t h e  c o l l e c t i o n
o f  a l l  s e t s  C such  t h a t  ■f7^(p”^ ( a ) n c ) € ^ y  and  
f ? ^ ( p ÿ ^ ( b )  A c )  f o r  e a c h  p r o j e c t i o n  and P y é ( ? ,
and f o r  each  a  6  and b 6 R^,
The s e t  conv^^yC w i l l  den o te  t h e  convex h u l l  o f  a  s e t  
C r e l a t i v e  t o  ^ ^ x y  ^ x  d e n o te  t h e  u s u a l  c o n v e x i t y
s t r u c t u r e  f o r  X = R^ and u -co nv  (A) f o r  t h e  u s u a l  convex 
h u l l  o f  A.
4 . 2 . 1 .  EXAMPLE. I f  (X, ê ^ )  i s  t h e  c o n v e x i t y  s t r u c t u r e  
where X=R^ and A € ^ ^  i f  and o n ly  i f  A=X o r  I A \ f . l ,  and 
( Y , S y )  i s  t h e  c o n v e x i ty  s t r u c t u r e  Y=R^, w i t h  Be i f  and
only i f  I B l £ l  or B=Y, then i f  and only i f  | C \ £, 1
2
or  C i s  a l i n e  i n  R .
4 . 2 . 2 .  EXAMPLE. I f  X=Y=R^ and i f  6 ^ =  and B  6 i f  
and o n ly  i f  \ B|  i  1 o r  B=Y, t h e n  Q é Q i f  and o n ly  i f  
C i s  any convex s u b s e t  o f  a  h o r i z o n t a l  l i n e  i n  X X Y.
4 . 2 . 1 .  EXAKPL2. I f  X=Y=R^ and i f  A e g ^ =  i f  and o n ly  i f
\ a 1 6.2 o r  A=R^ th e n  C ^^y  i f  and on ly  i f  e i t h e r  C=R^, C
does n o t  c o n t a i n  t h r e e  c o l l i n e a r  p o i n t s ,  C i s  a  l i n e  o r  p a i r  
2
o f  l i n e s  i n  R , o r  G i s  a  l i n e  t o g e t h e r  w i t h  2 p o i n t s  from 
a  l i n e  p a r a l l e l  t o  i t .
4 . 2 . 4 .  EXAMPLE. I f  X=Y=R^ and i f  A ^g  = i f  and o n ly  i fX y
A=R^ o r  t h e  d i a m e t e r  o f  A i s  l e s s  t h a n  o r  e q u a l  t o  one ,  
t h e n  C 6 6 ^ ^ y  i f  and o n l y  i f  e i t h e r  G=R^, G i s  any l i n e
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i n  R , o r  C i s  any  s u b s e t  o f  a  u n i t  s q u a r e  w i t h  s i d e s  
p a r a l l e l  t o  t h e  c o o r d i n a t e  a x e s .
4 . 2 . 5 .  EXAMPLE. I f  X=R^ and i f  and o n ly  i f  A=R^
o r  l A \ £ l î  Y=R^ and i f  and o n ly  i f  B=R^, 1 b \ £ 1 ,
o r  B i s  a  v e r t i c a l  l i n e  i n  R^ t h e n  C 6 i f  and o n ly  i f
e i t h e r  C=R^, | C | < 1 ,  o r  G i s  a  p l a n e ,  o r  any l i n e  i n
t h a t  p l a n e , o f  t h e  form ) where i s  a  v e r t i c a l
l i n e  i n  Y.
4 . 3 .  LEMMA. I f  and Zg b e lo n g  t o  XX Y and 
tT 'y (Z l )  /  - / ^ ( Z g )  t h e n  t h e r e  e x i s t s  a  p r o j e c t i o n  from 
XX Y o n to  X su c h  t h a t  t h e  images o f  z ^  and z ^  c o i n c i d e .
P r o o f . The i d e n t i t y  map on X i s  a  p r o j e c t i o n  from X 
o n to  X and ou r  p rob lem  i s  t o  f i n d  an e x t e n s i o n  o f  t h i s  
l i n e a r  map t h a t  w i l l  s a t i s f y  t h e  c o n d i t i o n s  o f  t h e  t h e o re m .
L e t  M be t h e  sp ace  sp an n ed  by X a n d l T ^ t Z g - z ^ ) .  Then 
e a c h  e l e m e n t  o f  M can  be w r i t t e n  u n i q u e l y  a s  an  e le m e n t  
o f  X and  a  m u l t i p l e  o f  ) i n  t h e  form
• ( fT^Czg-z^ ) ) where i s  a  r e a l  s c a l a r .
I n  p a r t i c u l a r  , Z2 -z^='/Tj^(z2 -Zj^ )+!•  ( / ^ ^ ( Zg - z ^  ) ) .  We 
nov/ d e f i n e  a n  o p e r a t o r  from M o n to  X by s e t t i n g
Fo(x+«<*l7'y(z2“Z i ) ) = y + o ^ ( - ) 7 ^ ( z 2 - Z i ) ) ,  Then i s  l i n e a r ,  
a  p r o j e c t i o n ,  a n  e x t e n s i o n  o f  t h e  i d e n t i t y  on X, and
Hence )=Fq ( z 2^ •
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I t  i s  now a  s t a n d a r d  r e s u l t  t o  e x te n d  t o  a l l  o f  
XXY.  S e e ,  f o r  e x a m p le ,  T a y l o r  [ 19]  , p . 4 o .
4 . 4 .  THEOREM. Using  t h e  d e f i n i t i o n  4 . 1 .  g i v e n  a b o v e ,
(XXY f i s  a  c o n v e x i t y  s t r u c t u r e .X xy
P r o o f . I t  i s  e a s i l y  s e e n  t h a t  XxY=R^*^ and  0  b e lo n g
t o  , t h u s  we m ust  show t h a t  i s  c l o s e d  u n d e rxxy  Xm y
i n t e r s e c t i o n s .  L e t  C. ^ ^  f o r  e v e r y  i € i ;  t h e n1 x^y
'fTy(p” ^ ( a ) n  ( Q C ^ ) ) = ^ y ( ^  ( p ^ ^ ( a ) n c ^ ) ) ,  and we s h a l l  now 
show t h a t  7 7 ^ ( ^ p “ ^ (a )n G ^ )= O j ' f ? ^ (p “ ^ ( a ) n  C^ ) .  T h is  w i l l  
c o m p le te  t h e  p r o o f ,  s i n c e  t h e  a rgum ent  i s  sym m etr ic  i n  
X and  Y.
I f  p j ^ ( a ) n c . )  t h e n  t h e r e  e x i s t s  a  c 6 X  s u c hy ^ «I X 1
-1t h a t  ( c , d )  6  p^ ( a ) n c ^ ) ,  and t h e r e f o r e
( c , d )  6 p ” ^ ( a )  f o r  e v e r y  i € I .  T h e r e f o r e
d É T î^ (p “ ^ ( a ) / 0  Gi)  f o r  e v e r y  i € l  and de/2‘j ^ ( p “ ^ ( a ) n G ^ ) ,  
show ing  H g^ ) C  A ' T ? ^ ( p ^ ^ ( a ) n  G^) .
I f  d e  O i r j p Z ^ i ^ )  n o . )  t h e n  d éTh '(p “ ^ (a ) /^  C. ) f o r
A*i J ^  y j-
e v e r y  i  € I , and t h e r e f o r e  t h e r e  e x i s t s  a  f o r  e v e r y  i
su c h  t h a t  (Cj^.d) é  p “ ^ ( a )  A f o r  e v e ry  i  ( - I .  S in c e  p^ i s
a  l i n e a r  p r o j e c t i o n ,  c . = c . ,  f o r  e v e r y  i , j e i ,  and  t h e r e f o r e
J
t h e r e  e x i s t s  a  c su c h  t h a t  ( c , d ) ^ p ” ^ ( a ) A  f o r  e v e r y  i €  I ,  
T h e r e f o r e  ( c , d ) 6  ( p “ ^ ( a ) A G ^ )  and th u s
p J J ^ ( a ) n c ^ ) .
The n e x t  th eo rem  shows t h a t  o u r  main o b j e c t i v e  f o r  
^x icy  been  a c h i e v e d .
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4 . 9 .  THEOREM. I f  a n d "^  a r e  t h e  u s u a l  c o n v e x i t y  
s t r u c t u r e s  f o r  and r e s p e c t i v e l y ,  t h e n  i s
p r e c i s e l y  t h e  u s u a l  c o n v e x i t y  s t r u c t u r e  f o r
P r o o f . L e t  C ^ ê ^ j j y , a n d  l e t  r = ( a , b )  and  s = ( c , d )  
b e lo n g  t o  C,where a  and c b e lo n g  t o  R^ and b and d b e lo n g  
t o  R^. We must  show t h a t  t h e  u s u a l  convex  h u l l  o f  r  and 
s  b e lo n g s  t o  C t o  show t h a t  (o i s  a  s u b s e t  o f  t h e  c l a s s  
o f  u s u a l  convex s e t s .  Assume t h a t  t  € u - c o n v C  r , s }  and 
t h a t  t ^ C .  I f  b / d  t h e n  by Lemma 4 . 3  t h e r e  e x i s t s  a 
p r o j e c t i o n  p^ from on to  X s u c h  t h a t  p ^ ( r ) = p ^ ( s  ) = p ^ ( t ) .
S in c e  C i s  convex i n  t h e  p r o d u c t  sp ace ,“T T ^ C p " ^ (p ^ ( r ) ) / lC )€ ^ y .  
S in c e  t h i s  s e t  c o n t a i n s  b and d and s i n c e  i t  i s  a  u s u a l  
convex s e t  i n  Y, i t  a l s o  c o n t a i n s  ' f T y i t ) ,  We know p^ i s  
a  l i n e a r  p r o j e c t i o n  o n to  XJ t h u s  t ^ C ,  w hich  i s  c o n t r a r y  
t o  ou r  a s s u m p t io n .
I f  b=d ,  t h e n  t h e  o r t h o g o n a l  p r o j e c t i o n  'JTy i s  such  
t h a t  fT y ( r )= ‘TTy(s)= f ) ^ ( t ) . Then s i n c e  C i s  convex i n  ^^«ry* 
i r ^ « r ÿ ^ ( i r y { t ) ) n c ) f e 6 j j  and hence C),
and t  ^ C; a g a i n  a  c o n t r a d i c t i o n  t o  t h e  a s s u m p t i o n .  I t  t h e n  
f o l l o w s  t h a t  €  xxy ^  s u b s e t  o f  t h e  c l a s s  o f  u s u a l  convex 
s e t s .
Now l e t  and l e t  a  6  R̂ ,̂ p^ and Py be a r b i t r a r y
l i n e a r  p r o j e c t i o n s  o f  R™^^onto R™ and R^ r e s p e c t i v e l y .  We 
m ust  show t h a t  /r 'y(p” ^ ( a )  0  D ) € ^ y .  S in c e  p^ i s  a  l i n e a r  
p r o j e c t i o n  o f  R^^^ o n to  R^, pT^( a )  i s  a  u s u a l  convex s e t  i n  
Rm+n^ hence Px^(3.)A and s i n c e  u s u a l  convex s e t s  a r e
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p r e s e r v e d  by l i n e a r  p r o j e c t i o n s ,  'D ^C p”^ ( a ) n  D ) ^ ^ y .  
S i m i l a r l y ,  7Tjj(p” ^(b)/3  f o r  any  b é R ^ ,  showing t h a t
^ x x y  c o n t a i n s  t h e  u s u a l  convex  s e t s .
The n e x t  r e s u l t  f o l l o w s  im m e d ia te ly  f rom t h e  d e f i n i ­
t i o n  o f  t h e  p r o j e c t i v e  p r o d u c t  and i s  s t a t e d  w i t h o u t  p r o o f .
4 . 6 .  THEOREM. The p r o d u c t  (X X y ,  i s  p o i n t  convex 
i f  and o n ly  i f  b o t h  (X, and (Y, i^y)  a r e  p o i n t  co nv ex .
Some q u e s t i o n s  a b o u t  t h e  e x i s t e n c e  and u n iq u e n e s s  o f  
f a c t o r  s p a c e s  w hich  g e n e r a t e  a  g i v e n  p r o d u c t  s p a c e  w i l l  
now be c o n s i d e r e d .  F i r s t ,  i f  we s t a r t  w i t h  a  c o n v e x i ty  
s t r u c t u r e  ( X , ( f ^ )  and a  s t r u c t u r e  f o r  XXY,  i t  may
be t h a t  t h e r e  a r e  no s t r u c t u r e s  o r  many s t r u c t u r e s  f o r  
( Y . ( ? y )  such  t h a t
4 . 7 .  EXAMPLE. I f  (X, i s  t h e  u s u a l  c o n v e x i t y  s t r u c t u r e
on R^ and i f  i f  and o n ly  i f  C=X x Y o r  I Cl 6  2 ,  t h e n
t h e r e  does  n o t  e x i s t  a  f o r  R^ s u c h  t h a t  Q ^ , . .  i s  t h exxy
p r o j e c t i v e  p r o d u c t  o f  and Qy%
4 . 8 .  EXAMPLE. I f  i s  t h e  u s u a l  c o n v e x i t y  s t r u c t u r e  on
R^, t h e n  i f  Y=R^ and C i f  and o n ly  i f  G i s  empty o r  
G c o n t a i n s  a l l  r a t i o n a l  numbers ,  t h e n  th e  p r o d u c t  s t r u c t u r e  
^ x x y  th e  t r i v i a l  p r o d u c t  s t r u c t u r e  L ikew ise
t h e  s t r u c t u r e  Q y  d e f i n e d  by G&(^y i f  and o n ly  i f  G i s  empty 
o r  G i s  a  s u p e r s e t  o f  th e  i r r a t i o n a l s ,  a l s o  y i e l d s  t h e  
t r i v i a l  p r o d u c t  s t r u c t u r e .
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We s h a l l  now c o n s i d e r  a  c o n c e p t  i n t r o d u c e d  by 
C a ld e r  C 3 l l .
4 . 9 .  DEFINITION. A c o n v e x i ty  s t r u c t u r e  (X, i s  an  
i n t e r v a l  c o n v e x i t y  s t r u c t u r e  when conv A = A i f  and o n ly  
i f  x y ^  A whenever  x € A and y 6 A.
4 . 1 0 .  THEOREM. I f  and (Y, a r e  b o t h  i n t e r v a l
c o n v e x i t y  s t r u c t u r e s ,  t h e n  (XX ^x%y^ i n t e r v a l
c o n v e x i t y  s t r u c t u r e .
P r o o f . I f  A i s  convex i n  Q  t h e n  A whenever
Zĵ G a , k = l , 2  by th e  d e f i n i t i o n  o f  t h e  convex h u l l  o p e r a t o r .
Assume whenever z ^ 6  A, k = l , 2 .  We s h a l l  show
t h a t  A ^  by showing f o r  a l l  p ^ c ( P ^ ,  P y ^ Q y f  a ^ X ,
b e y  t h a t 'T r ^ ( p ” ^ ( a ) 0  A) é  i j y  and l T ^ ( p ÿ ^ ( b ) A  A) €  (2% .
S in c e  t h e  a rgum ents  f o r  X and Y a r e  s y m m e t r i c ,  i t  s u f f i c e s  
t o  p rove  t h e  f i r s t  of  t h e s e .  L e t  y^^ tyg^ lT ^C p^^(a )H A ) .
Thus t h e r e  e x i s t  z^^€ p ” ^ ( a ) / l  A s u c h  t h a t  k = l , 2 .
By h y p o t h e s i s  c A, T h e r e f o r e ,  s i n c e
1Ty(p“^ ( a ) n Z i Z g ) ^  ê y  by th e  p r o d u c t  c o n v e x i t y  o f  z^Zg,  
y^yg GconVy|iTy(p][^(a)n  z^Z20=- f t ^ ( p"^ ( a )  0 z ^ Z 2 )C f r 'y (p " ^  (a)/lA) 
S in c e  <^y i s  a n  i n t e r v a l  c o n v e x i t y  s t r u c t u r e  t h i s  p roves  
f T y ( p “ ^(a ) /n  A)Ê ê y ,  a s  d e s i r e d .
There  a r e  tw o  c o n d i t i o n s  on p a i r s  o f  c o n v e x i t y  s t r u c ­
t u r e s  which w i l l  be u s e f u l  l a t e r .  I t  i s  e a s y  t o  c o n s t r u c t  
c o n v e x i t y  s t r u c t u r e s  which a r e  so  i n h e r e n t l y  d i s s i m i l a r
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t h a t  t h e  p r o d u c t  s t r u c t u r e  c o n t a i n s  o n ly  some o f  th e  
t r a n s l a t e s  o f  convex s e t s  i n  th e  f a c t o r  s p a c e s .  For  
e xam ple ,  i f  X=Y=R^ and i f  and o n ly  i f  C=X o r  i c i  6  1
o r  C = t^ n ,< » )  f o r  some i n t e g e r  n ,  and i f  and o n ly  i f
D=Y o r  I D| < 1 ,  t h e n  (o^xy  c o n t a i n s  o n ly  p o i n t s  and s e t s  
o f  p o i n t s  o f  t h e  form Q i , ® ® ) x r  where n i s  a n  i n t e g e r  and 
r  i s  a  r e a l  number.
At t im e s  i t  w i l l  be d e s i r a b l e  t o  a v o i d  s u c h  b e h a v i o r  
f o r  p r o d u c t s .
4 . 1 1 .  DEFINITION. I f  P x ^ ( C ) € ( 2 x x y  e v e r y  
[ r e s p e c t i v e l y ,  (C) é  6* ^xy* C 6 ^ ^ ]  , t h e n  i s  
s a i d  t o  be c o m p a t ib l e  i n  t h e  p r o d u c t , [ r e s p e c t i v e l y ,  
o r t h o g o n a l l y  c o m p a t i b l e  i n  th e  p r o d u c t  ~1 •
We s t a t e  a  p r e l i m i n a r y  r e s u l t  c o n c e r n i n g  t h i s  c o n c e p t .
4 . 1 2 .  LEKMA. I f  0 ^  i s  c o m p a t ib le  [ r e s p e c t i v e l y ,  
o r t h o g o n a l l y  c o m p a t i b l e ]  i n  the  p r o d u c t  t h e n  f o r  A [  x x  Y 
and P x ^ ^ x *  Px(conVx^yA)<:conv^p^(A),  [  r e s p e c t i v e l y ,  
f r ^ ( c o n v ^ y A ) C  conv^fT ^(A ) 3  .
P r o o f . I t  s u f f i c e s  t o  p rove  conv^ j jyA Cp” ^(conv^p^(A )  ) .  
S in c e  conv^p^(A) i s  convex i n  X, by c o m p a t i b i l i t y ,  
p ;^ (oonV j^p^(A ))«  Thus
p“ ^ (c o n v ^ p ^ (A ) ) ,  p r o v i n g  th e  c o n t e n t i o n .  The s t a t e m e n t  
r e g a r d i n g  1V may be p ro ved  s i m i l a r l y .
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A c o n d i t i o n  somewhat a n a l a g o u s  t o  t h a t  o f  c o m p a t i b i l i t y  
i n  t h e  p r o d u c t , i n  t h a t  i t  a l s o  d e a l s  w i t h  t h e  i n t e r p l a y  
be tw een  t h e  p r o d u c t  and eac h  o f  t h e  f a c t o r  sp aces ,  i s  
i n t r o d u c e d  n e x t .
4 . 1 3 .  DEFINITION. A c o n v e x i ty  s t r u c t u r e  w i l l  be s a i d  t o  
be p r o j e c t i v e  i n  t h e  p r o d u c t  [ r e s p e c t i v e l y  o r t h o g o n a l l y  
p r o j e c t i v e  i n  t h e  p r o d u c t  ]  i f  p^ ( C ) € ^  ^  whenever  Q  
and Px^G^x ( [ r e s p e c t i v e l y ,  i f  f o r  C 3 .
4 . 1 4 .  LSMI»1A. I f  ^  i s  p r o j e c t i v e  ( ^ r e s p e c t i v e l y ,  o r t h o ­
g o n a l l y  p r o j e c t i v e ]  i n  ^  xxy t h e n  f o r  ACXx-Y and p ^  
c o n v ^p ^ (A )C  p ^ (con v ^ ^y A ) ,  C r e s p e c t i v e l y ,  
con v^ fr^ (A )C ft^ (con v^ ^ yA )] .
P r o o f . S in c e  i s  p r o j e c t i v e  i n  €  ^xy» Px^ ‘̂ °^^xxy^^ 
i s  convex i n  X. Hence,
c o n v ^ p ^ ( A ) £  conv^p^(conv^^yA) = p ^ ( c o n v ^ y A ) .
The s t a t e m e n t  r e g a r d i n g  may be p ro v ed  i n  an 
a n a l a g o u s  m anner .
4 . 1 5 .  COROLLARY. I f  G ^ i s  c o m p a t i b l e  and p r o j e c t i v e  i n  
t h e  p r o d u c t  t h e n  f o r  any s e t  A t X ^ Y  and  p r o j e c t i o n  p ^ G , 
p^(conv^^yA) = c o n v ^ ( p ^ ( A ) ) .
4 . 1 6 .  EXAMPLE. I f  X=Y=R^ and i f  = f  G 1 I C » £  2 J ,
( ? y = 6 y  t h e n  n e i t h e r  n o r  i s  c o m p a t i b l e  o r  p r o j e c t i v e
i n  t h e  p r o d u c t .  I n  Example 4 . 2 . 5  b o t h  ^  and ^  a r eX y
p r o j e c t i v e  b u t  n o t  c o m p a t ib le  i n  t h e  p r o d u c t ,  and i n
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Example 4 . 2 , 3  b o t h  and a r e  c o m p a t i b l e  b u t  n o t
p r o j e c t i v e  i n  t h e  p r o d u c t .
I t  i s  e a s i l y  s e e n  t h a t  s e t s  i n  a r e  a lways o r t h o ­
g o n a l l y  c o m p a t ib l e  and  o r t h o g o n a l l y  p r o j e c t i v e  i n  t h e  
p r o d u c t ,  and th e  complement p r o d u c t  i s  o r t h o g o n a l l y  compa­
t i b l e  b u t  n o t  g e n e r a l l y  p r o j e c t i v e  i n  th e  p r o d u c t .
4 . 1 7 .  THEOREM. I f  and  a r e  c o m p a t i b l e  and 
o r t h o g o n a l l y  p r o j e c t i v e  i n  t h e  p r o d u c t ,  and a r e  domain 
f i n i t e ,  t h e n  th e  p r o d u c t  i s  domain f i n i t e .
P r o o f , L e t  ACXXY and  d e f i n e  t h e  s e t
C= l^fconv^^yB I BÇA, S ince  A C C ^ c o n v ^ ^ ^ A  i t
s u f f i c e s  t o  p rove  t h a t  C i s  convex, f o r  i t  would t h e n  f o l l o w
t h a t  conv A=(J{conv B | B C A, | B  t h u s  p r o v in gxxy x*Hy
i s  domain f i n i t e .  C o n s i d e r  b G Y and p € (P , We show XX y y y
t h a t  ' ^ ( p ÿ ^ ( b ) n  C)
L e t  X ̂ c o n v  fX (p""̂  (b ) A  C ) . Then t h e r e  e x i s t  x x y
X i , . , . , x ^ ^ L f y ^ ( p ÿ l ( b ) n G )  and t h u s  z^=(x^ ,y j_)  SXX Y
su c h  t h a t  X6  conv^ f  Xj^, , . .  ,Xj^1 and z ^ G p “^ ( b ) n c ,  1 ^ i  ^ k .
Hence Py(z^ )= b  and z ^ G C  f o r  a l l  i .  But by d e f i n i t i o n  o f
C t h e r e  must  e x i s t  f i n i t e  s u b s e t s  B ^ ^ A  su c h  t h a t
z . & c o n v  B . , 1 6  i  6 .k .  D e f in e  th e  f i n i t e  s u b s e t  o f  A,
J- „ 1
B = {V|.B^. Then conv^^^BCG so  t h a t  c o n v ^ ^ ^ f z . , z ^ ]  C c .  
T h e r e f  o r e , ' / ^ f p ÿ ^  (b )  0  conv^^^fz^  , , .  . , z ^ ] ]  ^  'Oj(Py^ (b)  O  C ) ,
By c o m p a t i b i l i t y  and p o i n t - c o n v e x i t y  o f  and ,
^3
Hence P y ^ ( b ) A c o n v ^ ^ y { z ^ ............z ^  i s  a
convex  s e t  i n  X X Y c o n t a i n i n g  I t  f o l l o w s  t h a t
c o n v ^ y f z i , . . .  ,Z jJ  Ç (b)n c o n v ^ x y ^ Z i , . . . . z ^ ^ .  T h e r e f o r e , 
u s i n g  t h e  above and Lemma 4 . 1 4 ,
X € c o n v ^  f  X j ^ , . . , , X j ^ }  =  c o n v ^ { V j ^ ( Z j ^ ) , , .  , , ' f ^ ( Z j ^ ) 3
G ^ ^ x ( ^ ° " ^ x % y  - T h a t  i s ,
c o n v ^ ' f V ^ ( p " ^ ( h ) n c )  = f r ^ ( P y ^ ( b ) n c )  p r o v in g  t h a t  
iy ^ (P y ^  ( b ) A  C S i m i l a r l y ,  i t  may be shown t h a t  f o r  
a € X ,  and y ( p “ ^ ( a ) n c  ) 6 y .  T h e r e f o r e ,  G ^ Ê ^ ^ y
a s  was t o  have been  shown.
The n e x t  two examples  show t h a t  j o i n - h u l l  c o m m u ta t iv i ty  
and r e g u l a r i t y  o f  segm ents  a r e  n o t ,  i n  g e n e r a l ,  p r o d u c t i v e  
p r o p e r t i e s .
4 . 1 8 .  EXAMPLE. L e t  X=R^ and G i f  and o n ly  i f  G=X
o r  \ G \ £ 1 .  L e t  Y=R^ and  g y = ^ y .  Then cG’ ^ H ^ y  i f  and
o n ly  i f  e i t h e r  G=XXY, G i s  a  u s u a l  convex  s e t  i n  a  p lan e
o r t h o g o n a l  t o  X, o r  G i s  a  l i n e  o r  p l a n e  i n  XXY.
Then i f  z ^ , Z 2 »z^ a r e  t h r e e  n o n - c o l l i n e a r  p o i n t s  i n  a  
p l a n e  p a r a l l e l  t o  X and i f  Zg and z^  a r e  i n  a  p la n e  o r t h o ­
g o n a l  t o  X, t h e n  conv^^yfz^^,Z2»z^3 i s  t h e  p l a n e  c o n t a i n i n g
th e  t h r e e  p o i n t s  b u t  ^  ^z , q ^ ,  where q C z g Z ^ ,  i s  a  p r o p e r
s u b s e t  o f  t h a t  p l a n e ,  showing t h a t  j o i n - h u l l  c o m m u ta t iv i t y  
i s  n o t  p r o d u c t i v e .
4 . 1 9 .  EXAMPLE. L e t  X=R^ and l e t  T: R ^ R ^  be th e
homeomorphism o f  R^ d e f i n e d  by T ( x , y ) = ( x , y ^ ) • D ef ine
4^-
C i f  and o n ly  i f  C = T(D) where L e t  Y =
and ( ^ y = ê y .  Then and have t h e  p r o p e r t y  t h a t  
segm ents  a r e  r e g u l a r ,  b u t  ^ ^ « y  does n o t  have t h a t  p r o p e r ty .
C a n t w e l l ' s  Axiom A » which  s a y s  t h a t
each  l i n e  i s  o r d e r  i so m o rp h ic  t o  t h e  r e a l s , i s  n o t  
p r o d u c t i v e  as  can  be shown from Example 4 , 1 9 .  Thus th e  
p r o j e c t i v e  p r o d u c t  o f  two C a n tw e l l  s p a c e s  n e e d  n o t  be a 
C a n tw e l l  s p a c e ,
4 . 2 0 .  LEMMA. Given an r - f l a t  S i n  XXY = Z w i t h  r £ d i m X ,  
t h e r e  e x i s t s  a  p r o j e c t i o n  p ^ €  (P^ su c h  t h a t  p^ i s  o n e - to -o n e  
on S .
P r o o f . W ithou t  l o s s  o f  g e n e r a l i t y ,  we may assume t h a t  
S i s  a  su b space  o f  Z. I f  S ^ X  t h e n  i s  t h e  d e s i r e d
p r o j e c t i o n .  I f  S ^ X  t h e n  J?=dim(S/1 X )<. dimX=m. Hence, 
m>J?+l ,  and t h e  f o l l o w i n g  b a s e s  f o r  t h e  v a r i o u s  su b s p a c e s  
o f  Z may be assumed: s n x = s p a n  [ z ^ , . . . , Z g 3 ,
X=span , . . .  , . . .  , z ^  5  »
3=span { z ^ , . , .  , . . .  ,z^3  , t=m+r-jK. (S in c e  S ^ X ,
d i m S > i  and z ^ ^ ^ e x i s t s . )  S in c e  f z ^ , , , . , z ^ %  i s  l i n e a r l y
in d e p e n d e n t ,  i t  may be e x te n d e d  t o  a  b a s i s  f o r  2 :
Z=span (^ z ^ , . . .  , z ^ , . . .  ,Z j^  where k=dimZ, Now d e f i n e
f  I (3 where @ ^ and a r e  t h e  b a se s  f o r
Z and X r e s p e c t i v e l y ,  by s e t t i n g
f  ( z ^ )  = z ^ ,  1-2S. i  1  m
f ( Z i )  = m + l l  i < t
f ( z ^ )  = 0 , t + l £  i l k .
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S in c e  t - m + # = r 6 m ,  f  ( & ,  ) 5  (By Ufo"^ . D e f in e  t h e  l i n e a r
2 X *f K
e x t e n s i o n  p„ o f  f  t o  a l l  o f  Z: P „ ( ^  ) = Z  A  - f ( z . ) ,
X  X  { j |  X X  «*1 X X
I t  i s  t h e n  c l e a r  t h a t  p^ i s  l i n e a r ,  o n to  X, and i s  t h e  
i d e n t i t y  map on X, so  p ^ é  ( P ^ ,  F i n a l l y ,  i f  Pj^(s)=0 f o r  
some s € S t h e n
P * ( s )  = P ( ^  A  . 2 .  ) = ^  X . f ( z . )  = 0 ,
* ^  U i £ i  l<iS% ^ 1
m + l6 i< t  m + l i i S t
o r  2^ 2+ . „ +2^^+2+ . . . +  ^ t ' ‘r  = 0 .
By t h e  l i n e a r  independence  o f (8%#
"\.2= . . •= X^=0="X^_^^=,, and  s = 0 .  Hence th e  k e r n e l
o f  p^ i s  z e r o  and p^ i s  i n j e c t i v e  on S .
4 . 2 1 .  DEFINITION. I n  a  c o n v e x i t y  s t r u c t u r e  ( X , ^ ^ ) ,  i f  
whenever  x ^ €  x^x^ and t h e r e  e x i s t s  an
Xg 6 x^x^DXgX^^ t h e n  th e  c o n v e x i t y  s t r u c t u r e  i s  s a i d  t o  
s a t i s f y  t h e  E l l i s  p r o p e r t y ,
4 . 2 2 ,  THEOREM. I f  ( X , a n d  (Y, have r e g u l a r  
segm ents  and a r e  c o m p a t ib le  and p r o j e c t i v e  i n  t h e  p r o d u c t ,  
t h e n  t h e  E l l i s  p r o p e r t y  i s  p r o d u c t i v e .
P r o o f , L e t  dim X = dim Y = 1 ,  Z = XXY and i n  2 l e t  
z ^ t z ^ Z g ,  z ^ €  z ^ z ^ .  W ithou t  l o s s  o f  g e n e r a l i t y  we may 
assume t h e r e  i s  a  p^€ ( p ^  su c h  t h a t  p ^ ( z 2 )= p ^ (z 2̂ )=X2̂ , L e t  
p ^ ( z ^ ) = x ^ ,p ^ ( z ^ ) = x ^  and p ^ ( z ^ ) = x ^ .  S in c e  z^G z ^ z ^ ,  by 
c o m p a t i b i l i t y  x^€-x^^x^ and  s i n c e  z ^ E z ^ z ^ s  x^^é-x^^x^. Then 
x^É-Xj^x^ and x ^ € x ^ x ^  so  by r e g u l a r i t y ,  x^fe x^x^=x^x^U x^x^,  
Since segm ents  a r e  r e g u l a r  x ^ ^  x^x^ so  x ^ ^ x ^ x ^ .  But t h e n
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by p r o j e c t i v i t y ,  t h e r e  e x i s t s  a  z ^ €  s u c h  t h a t
»x<“ 6> = H '
Now l e t  Py be s u c h  t h a t  p ^ ( z ^ ) = P y ( z ^ ) = y ^ .  L e t
P y ( Z l ) = y i ,  P y (z 4 )=y4  and  S i n c e  z ^ € z ^ z ^  t h e n
by c o m p a t i b i l i t y ,  P y ( z ^ ) = y ^ ,  Now z^^€ z^z^  hence  by 
c o m p a t i b i l i t y  y ^ €  y^y^ and by r e g u l a r i t y  y ^ e  y ^ y ^ , ^ y i ^ y 2 i 
and by d e c o m p o s a b i l i ty ,  y ^ ^ y i ^ y ^ »  Hence z ^ e  z^Zg a s  we 
w ish e d  t o  show.
I f  dim X > 2  t h e n  t h e  p o i n t s  z ^ .Z g .z ^ »  and  z ^ ^ z ^ Z g  
and  z ^ €  z^z^  a l l  l i e  i n  some 2 - f l a t  F ,  by  Lemma 4 ,2 0  t h e r e  
i s  a  p r o j e c t i o n  o f  F o n to  X t h a t  i s  o n e - t o - o n e .  I t  i s  
t h e n  c l e a r  t h a t  t h e  p o i n t s  i n  t h e  E l l i s  p r o p e r t y  can  be 
mapped i n t o  F,  p r o v i n g  i t  f o r  X X Y,
4 . 2 3 .  COROLLARY, I f  (X, (?^ )  and (Y, ^ y )  a r e  c o m p a t ib le  
and  p r o j e c t i v e  i n  t h e  p r o d u c t  t h e n  r e g u l a r i t y  o f  segm ents  
i s  a  p r o d u c t i v e  p r o p e r t y ,
4 . 2 4 ,  DEFINITION, Two non-em pty  convex s e t s ̂ “ ' x/cy
a r e  s a i d  t o  be com plem en ta ry  i f  CUD=X*Y a n d  CCiD=0t
The f o l l o w i n g  th e o re m  i s  a  b a s i c  s e p a r a t i o n  theorem  
f o r  convex s e t s o  The theo rem  f o r  l i n e a r  s p a c e s  i s  p roven  
i n  K a k u tan i  [ 9  ] ,  and Tukey C20], and was e x te n d e d  by 
E l l i s  L 6 j ,  The f o l l o w i n g  p r o o f  i s  an  a d a p t a t i o n  o f  the  
one used  by V a l e n t i n e  [21 ]  f o r  l i n e a r  s p a c e s  t o  ou r  more 
g e n e r a l  s e t t i n g .
^7
4 . 2 9 .  THEOREîv:. Suppose (X, and (Y, have r e g u l a r  
s e g m en ts ,  a r e  c o m p a t i b l e  and p r o j e c t i v e  i n  t h e  p r o d u c t ,  
and suppose  j o i n - h u l l  c o m m uta t ive .  I f  A and B
a r e  non-em pty  d i s j o i n t  s e t s  i n  Xx y t h e n  t h e r e  e x i s t  
complem entary  convex s e t s  G and D i n  ^ ^ x y  s u c h  t h a t  ACC 
and B S D .
P r o o f . L e t  P be th e  c l a s s  o f  a l l  o r d e r e d  p a i r s  (A^,B^) 
o f  convex s e t s  i n  € ^ x y  such  t h a t  A ^ D b^=;?, A^2 A, B ^ ^ B .  
F i r s t  we n o t e  t h a t  P i s  non-em pty  s i n c e  ( A , B ) C p .  P a r t ­
i a l l y  o r d e r  P by d e f i n i n g  (A^,B^)-C (A^ ,B^ ) i f  and o n ly  i f  
A^S Aj and B ^ C B ^ .  The un io n  o f  e v e ry  l i n e a r l y  o r d e r e d  
s u b s e t  o f  e l e m e n t s  i n  P b e lo n g s  t o  P and t h e n  by Z o r n ' s  
Lemma, t h e r e  i s  a  maximal  e le m e n t  (C,D) i n  P. To show 
t h a t  CUD = X X Y, sup p o se  p 6 X x Y \ { C U D 3 .  S in c e  
conVx^y(C U £ p } )  = U { p c l c 6 C }  and 
conVx^y(DU { p | )  = (J ^ pd I d 6 D} and s i n c e  (C,D) i s  
maximal, t h e r e  e x i s t s  d^ 6  co n v^^^fc  U {p_^} and t h e r e  
e x i s t s  c^ € C Aconv^j^y^DU fp} J .  S in c e  d ^ 4 c ,  c ^ ^ D  t h e n  
t h e r e  e x i s t  p o i n t s  c € c and d € D  such  t h a t  d ^ ^ i n t v ( c p )  
and c ^ G i n t v ( d p ) .  By Theorem 4 . 2 2 ,  dd^O cc^ /  which  
i s  a  c o n t r a d i c t i o n .
The f o l l o w i n g  a s s o c i a t i v e  law i s  p r e s e n t e d  t o  show 
how t o  d e f i n e  t h e  p r o j e c t i v e  p r o d u c t  o f  a  f i n i t e  number 
o f  c o n v e x i ty  s t r u c t u r e s .
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4 . 2 6 .  THEOREM. L e t  (X, and (Y, and (Z,  ( f^)  be
c o n v e x i t y  s t r u c t u r e s  on R^, r’” , and R^ r e s p e c t i v e l y .  Then
p P  = f P  
^ x * ( y x z )  ( x x y ) x z ’
P r o o f ,  l e t  C t o  show t h a t
we must show t h a t  g i v e n  ( 0 , y , z )  and o n to  p r o j e c t i o n s  
P , , . ,*  X x ( Y * Z ) - f Y * 2  and : X * (Y X Z ) - » X  t h a t ,z X
a )  ^ ( P y i z ( o . ÿ i z ) n  C) ^
and g i v e n  x &X and o n to  p r o j e c t i o n s  p and 1?% t h a tX
b)  1 > ' y „ C ï . o , o ) O o ; e < 2 f , ^ .
To e s t a b l i s h  a )  we n o te  t h a t  p and fT have th eyxz X
f o l l o w i n g  b lo c k  m a t r i x  r e p r e s e n t a t i o n s ,
0 0 0 \  / I j
V t  “  1 * “ '  %  = I 0 0
where A i s  a n  m ^  m a t r i x ,  B i s  a n  n%f m a t r i x  and , I
and a r e  i d e n t i t y  m a t r i c e s  o f  o r d e r  Jl, m, and n 
r e s p e c t i v e l y .  We d e f i n e
m*
0 0 \  0 0
^ x . y  = f  0  I m  0  '  P z  =  °  °  ^  ^m
0 1/  \  0 0
t h e n  i t  i s  r o u t i n e  t o  show t h a t
#^(Pyxz(0'ÿ'Z)Ac)=ff(pÿi(o,ÿ,o)ncn^*y(p;i(o,o,z)nc))),
where t h e  r i g h t  s i d e  o f  th e  above e q u a t i o n  b e lo n g s  to  
s i n c e  ^ ^ ^ x xy ) ;^z  * e s t a b l i s h i n g  a ) .
To e s t a b l i s h  b )  t h e r e  a r e  two s i m i l a r  a rg u m e n ts .  We 
w i l l  show t h a t  g i v e n  ( 0 , y , 0 )  and on to  p r o j e c t i o n s
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Pyi Y X Z ' - f Y  and fT , Y Z t h a t  7 ^ ( p ÿ ^ ( 0 , y , 0) A  T) é 
where ?=
We n o t e  t h a t  p i XX ( Y X Z ) —>X and p i 0 x Y % Z —>YX y
have m a t r i x  r e p r e s e n t a t i o n s
I ĵ D E X  /  0 0 0
= I 0 0 0 j  . Py = f 0 Im P
0 0 0 /  \  0 0 0
where D,E, and F a r e  o f  o r d e r  ixm, J?xn, and mxn r e s p e c t i v e l y .
I f  we d e f i n e  /  ^ E-DF
P x x y =  °  :m P
\  0 0 0
and l e t  q = ( x - D y ,y ,  0) €  Xx Y, t h e n  i t  i s  r o u t i n e  t o  show t h a t  
% % (p ÿ ^ (0 ,ÿ ,0 ) r^ T )  = 1} 2 ( P ^ ^ y ( s ) f t C ) ,  where th e  r i g h t  s i d e  
o f  th e  above e q u a t i o n  b e lo ng s  to  s i n c e  C ^  )%% *
e s t a b l i s h i n g  b ) ,  and c o m p le t in g  th e  p r o o f .
We now p r e s e n t  some r e s u l t s  l e a d i n g  t o  a  C a ra th e o d o ry  
theorem  f o r  t h e  p r o j e c t i v e  p r o d u c t .
4 . 2 7 .  LEMMA. I f  and a r e  c o m p a t ib l e  i n  th e
p r o d u c t  t h e n  th e  u s u a l  l i n e s  o f  Z=XXY a r e  members o f 6 ^ ^ ^ .
P r o o f . L e t  F be any l i n e  i n  Z; t h e n  by c h o o s in g
q C F  th e  s e t  S=F-q i s  a  o n e -d im e n s io n a l  su b sp ac e  o f  Z.
I t  i s  c l e a r  t h a t  e i t h e r  SAX=0 o r  S A Y = 0 , say  S f |X = 0 .  L e t
S=span t  s 3 • F i r s t ,  i f  s Y t h e n  assume th e  f o l l o w i n g
b a s e s  f o r  X and Y, X=span £ z.  , . . .  ,z  ? , Y=span { z - , . . .  ,z
_ m+n "  m ^  “
where z , = s .  D e f ine  the  p r o j e c t i o n s  )= 2. a . z . ,
m+i X i = i  1 1 i = i  1 1
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m+n m ...
and  A ^ i+ r ^ i '  2 £ r £ n .  We n o te
t h a t  p „ 6  ( p  and p ( s )= 0  f o r  e v e r y  r = 2 , , . . , n .  We now
c l a i m  t h a t  S= 1^7^ ( 0 ) A  ( p“ ^ ( 0 ) ) ;  f o r  i f
X r=2 ■̂ r
z= .5^ ^ . z . G  k e r l T  A k e r  o H  . . .  H k e r  j) , t h e n  "X. = . .  .= X ^ = 01=1 X i  A ^2  -L Hi
\ + 3 = ” ' ' ’̂ m + n = ^ l  d e s i r e d .
I f  s d e f i n e  t h e  f o l l o w i n g  b a s e s  f o r  X and Y,
X=span f  z ^ , . , ,  , 2^^ where z ^ = 1 7 ^ ( s )  and
Y=span I % m + l ' ' ' ' '% m + n 3  " h e r e  2^ + 1= " ^ y ( s )• D ef ine
Note t h a t p ^ e C P ^ ,
Py 6  Q)y and s e k e r  p ^ O k er  p^. We c l a im  t h a t  S=p“^ (0 )  O pÿ^  (0 )
f o r  i f  2 = .S  l . z .  ^ k e r  p ^A ker  p,, t h e n1=1 1 X X y
V ’ ” = V ®  and  ^ m + l ' ^ m + 2 = " - ^ m + n = ®  
and so  z= Xz^^+Xz^^^= X ( / ? '^ ( s ) + -fî^Cs))= As a s  d e s i r e d .
4 .28  , LSIv'iMA. I f  and 1̂ ^  a r e  c o m p a t ib le  and p r o j e c t i v e  
i n  t h e  p r o d u c t ,  t h e n  f o r  any o n e - d i m e n s io n a l  member C o f  
and  a f f i n e  map T: X-^X, T (C ) 6  and s i m i l a r l y
f o r  ipy .  T h a t  i s ,  t h e  s u b f a m i l i e s  o f  and 6 ^  
c o n s i s t i n g  o f  t h e i r  o n e - d i m e n s i o n a l  members a r e  c l o s e d  
u n d e r  a f f i n e  maps.
P r o o f . Suppose C C p  where  F i s  a  1 - f l a t  i n  X. S in c e
t h e  p rob lem  i s  t r i v i a l  i f  G i s  s i n g l e t o n ,  assume w i t h o u t
l o s s  t h a t  0 6 c ,  C w i t h  x ^ ^  0 ,  and T(0)=0 .  L e t  x^=T(x^)  
and c o n s i d e r  a p o i n t  ( x ^ ) \  X. The l i n e  1 ( 0 , 2 ^ )
b e lo n g s  t o  ^ x * y  Lemma 4 . 2 7 .  A lso  t h e r e  e x i s t s
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su c h  t h a t  Py (2 « )= x ^ .  Both  p and I T  a r e  o n e - t o - o n eX JL X» V U JL A
X
on 1 ( 0 , z ) and hence T(C )=p (C ) 0  L (0 ,z  ) J  €
4 . 2 9 .  LE#IA. L e t  ( f^ ,  be c o m p a t i b l e  and p r o j e c t i v e  
i n  t h e  p r o d u c t  and suppose  t h a t  segm en ts  i n  a r e  c l o s e d  
t o p o l o g i c a l l y ,  r e l a t i v e  t o  X=r’̂ .  Then eac h  segm ent  pq i n  
i s  e i t h e r  f  p ,q  3 , t h e  u s u a l  segm ent  j o i n i n g  p and  q ,  
o r  t h e  l i n e  d e te r m in e d  by p and q .
P r o o f . L e t  and su p p o se  Xg ^  x^Xj^ where
*2^* i*  By Lemma 4 .2 7  x^x^^ç  l (x^ , x^ ); t h e n  w i t h o u t
l o s s  o f  g e n e r a l i t y  assume x^ 6 u -co n v  x^ x^ .  I t  i s  c l e a r  
t h a t  a  s e q u en c e  o f  a f f i n e  t r a n s f o r m a t i o n s  Tg»• • • | T ^ , . . .  
and  a  seq u ence  o f  p o i n t s  x ^ , . . .  , . . .  i Z 2  may be
c o n s t r u c t e d  su c h  t h a t  i f  Q^= {^x  ̂ | 0 < j  6 i  3 t h e n
1) T i(%2)=*i+1*
2 ) T ^(Q ^)c ,Q ^ ,  and
3) i s  t o p o l o g i c a l l y  dense  on u -co nv  x ^ .
Each may be assumed i n j e c t i v e  so  t h a t  i f  S i s  any
o n e - d i m e n s io n a l  s u b s e t  o f  X t h e n  (c o n v ^ S )= c o n v ^ T ^ (s ) by 
Lemma 4 . 2 8 .  To show QS x ^ x ^ ,  i t  s u f f i c e s  t o  show x^x^ 
f o r  i  2 1 .  O b v io u s ly ,  Q^C x^x^ so  assume x^x^^ and 
c o n s i d e r  I we have x^^^=T ^(x2 )€ l \ (xQ X ^)= T ^(conv% Q ^)=
conV xTi(Q i>£  conv^QiC x ^ X i .  Hence Q i + i = X i + i / Q i S % o * l '  
Hence Q Ç x^x^ and t h e n  x^x^ c o n t a i n s  th e  c l o s u r e  o f  Q o r  
u -c o n v  x ^ x ^ .  So i f  XqX^ĵ  [ x ^ , x ^  t h e n  u -co n v  % o * l - * o * l '  
I f  t h e r e  i s  a n  XgGx^x^Xu-conv x^x^ t h e n  by Lemma 4 .2 8  
x ^x^= L (x^ ,x^  ) .  O the rw ise  x^x^^=u-conv x^x^ .
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4 . 3 0 .  REiMARK. The segments  o f  c a n  be t h e  o r d i n a r y  
l i n e s  o f  X s o  i t  does n o t  n e c e s s a r i l y  f o l l o w  t h a t  th e  
b e tw e e n e s s  r e l a t i o n s  i n  r”' c o i n c i d e  w i t h  t h o s e  o f  
under  t h e  h y p o t h e s i s  o f  Lemma 4 . 2 9 ,
4 .31»  REMARK, I n d u c t i v e  p r o o f s  o f  t h e  c l a s s i c a l  C a r a ­
t h e o d o r y  th eo rem  a r e  r a r e ;  o n ly  one i s  known t o  th e  
a u t h o r ,  namely  t h a t  advanced  by B. P e t e r s o n  i n  C 13J .  I f  
we s p e c i a l i z e  t o  t h e  c a s e  ^ y ~  ^ y  th e
f o l l o w i n g  th eo re m  becomes an i n d u c t i v e  p r o o f  o f  t h e  c l a s s ­
i c a l  C a r a t h e o d o r y  theorem  i n  R^*^, d i f f e r e n t  from t h a t
g i v e n  by P e t e r s o n .
4 . 3 2 . THEOREM. Suppose ( X , ( ^ ^ )  and  ( Y , ( ^ y )  a r e  c o n v e x i t y
s t r u c t u r e s  t h a t  a r e  c o m p a t ib le  and p r o j e c t i v e  i n  th e
p r o d u c t  h a v in g  t o p o l o g i c a l l y  c l o s e d  s e g m e n t s ,  and
su c h  t h a t  C i s  j o i n - h u l l  c o m m u ta t iv e .  Then i f  ^  has
C a r a t h e o d o r y  number c and Y=R^ t h e n  ^ ^ x y  C a r a th e o d o r y
number l e s s  t h a n  o r  e q u a l  t o  c + 1 ,
P r o o f . L e t  z ^ c o n v  S f o r  Si9X>^Y and l e t  )=y." XX y y
F i r s t ,  i f  S £ ^ “ ^ ( y )  t h e n  x = ^ ( z  ) € '7 ^ ( c o n v ^ ^ y S ) = c o n v ^ ^ ( S ) ,  
so  t h e r e  e x i s t  c p o i n t s  x ^ , . . . , x ^  i n  "77^(8) such  t h a t  
X €  conv^Cx^ , . . .  ,x^} and t h e n  t h e r e  e x i s t  p o i n t s  s ^ €  s  su c h  
t h a t  S in c e  T X  i s  b i j e c t i v e  on
1 ^ / ( y ) »  z € c o n v  f s i , . . . , s ' %  t h e  convex h u l l  o f  c o ry Axy X C
few er  p o i n t s  o f  S .
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Now suppose  S^7>“ ^ ( y )  and  l e t  s * e  S be s u c h  t h a t  
f 7 ^ ( s * ) / y .  By j o i n - h u l l  c o m m u ta t iv i t y  
z €  c o n v e y  C s » U  ( S \ s * ) J  = s * jn  c o n v ^ ^ y ( S \ s * ) ,  S ince  
i s  domain f i n i t e  by Theorem 4 . 1 ?  S \ s *  may be assumed t o  
be f i n i t e  so  t h e r e  e x i s t s  a  minimal  s u b s e t  S * C S \ s *  su c h  
t h a t  z £ s * j n  conv^^^S*.
Case 1 .  I f  z ^  conv S* t h e r e  e x i s t s  a  q € conv S* 
s u c h  t h a t  z e q s * .  S in c e  z ^ c o n v ^ ^ ^ S * ,  z / q .  A l s o ,  z / s *  
s i n c e  7 > ^ ( s * ) / f 7 ^ ( z  ) ,  By Lemma 4 ,2 9  qs*_P u -conv  q s * .
S in c e  s * ^ 7 h “^ ( y )  l e t  p^€  su c h  t h a t  Pj^(q ) = p ^ ( s * ) , Then 
q ^ =  p ^ ( q ) €  p^ (conv„ . S*)=conv  p (S*) so  t h e r e  e x i s t  p o i n t s
X  X X /> y  X
s ^ 6 S * ,  i = l , . , , , c  su c h  t h a t
Thusq^€ conv^{p^(s^ P j ^ ( s ^ ) } = p ^ ( c o n v ^ ^ y f s ^ , , , , , s ^ }  ) .
t h e r e  e x i s t s  an  s € c o n v ^ ^ y { s ^ , . , . , s ^  so  t h a t  q ' = p ^ ( s ) .
There  a r e  now a  number o f  c a s e s  c o r r e s p o n d i n g  t o  th e  
p o s s i b l e  l o c a t i o n s  o f  s on t h e  u s u a l  l i n e  c o n t a i n i n g  q and 
s * .  I f  s *  €  u -conv  zs  t h e n  z €  u -conv  q s .  Now e i t h e r  
q s = { q , s ^  o r  q s ^  u -conv  q s ,  b u t  s i n c e  th e  o n e - d i m e n s io n a l  
members o f  ^ ^ « y  a f f i n e l y  r e l a t e d  and q s * ^  ^ q , s ^  th e n
q s /  f q , s ] .  Thus qsj>  u -co n v  q s  and z C q s i z c o n v ^ ^ y S * ,  a  
c o n t r a d i c t i o n .  I f  s € u -conv  z s *  t h e n  z €  u -co n v  qs  and 
a g a i n  z € u -conv  q s ^  q s  c_conv^^yS*, a  c o n t r a d i c t i o n .  
F i n a l l y ,  i f  s € u-conv qz o r  q € u-conv sz  t h e n  
z €  u -conv  s s * < : s s * ,  and t h e n  z e  conv^^y{sj^ , , , ,  , s ^ , s * } - - t h e  
convex h u l l  o f  c+1 p o i n t s  o f  S ,
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Case 2 .  I f  z ^conv^^yS*,  we r e p e a t  t h e  p ro ce d u re  
and c o n s i d e r  t h e  two c a s e s  S * G " ^ ^ ( y )  and  ( y ) , i f
( y t h e n  a s  b e f o r e  i t  f o l l o w s  t h a t  z l i e s  i n  th e  
convex h u l l  o f  c o r  few er  p o i n t s  o f  S*C S .  I f  •fï'ÿ^(y) 
t h e n  we choose  s * € ( y ) a s  b e f o r e ,  l e t  S * \ s *
be m in im al  su c h  t h a t  z € s * j n  conv^^yS* ,  and  th e n  s*  and 
2* p l a y  t h e  r o l e s  o f  s*  and S* i n  t h e  p r e c e d i n g  a rgu m en t .  
But i n  t h i s  c a s e  s i n c e  S* i s  min im al  s u c h  t h a t  
z € s * c o n v  S* we c a n n o t  have z ë c o n v  2 * .  HenceX my
z ^  conv^^yS* and  i t  u l t i m a t e l y  f o l l o w s  t h a t  z l i e s  i n  th e  
convex h u l l  o f  c+1 o r  few er  p o i n t s  s ^ . S g . e . e . s ^ . s *  o f  
S * C S ,  w h ich  c o m p le te s  t h e  p r o o f .
We s h a l l  now prove a K e l ly  th eo re m  f o r  th e  p r o j e c t i v e  
p r o d u c t .  The lemma f o l lo w in g  t h e  n e x t  two d e f i n i t i o n s  i s  
an  a d a p t a t i o n  o f  a  theorem i n  V a l e n t i n e  C 21 J ,
4 . 3 3 .  DEFINITION. A po lyh ed ro n  i n  a  c o n v e x i t y  s t r u c t u r e  
i s  t h e  convex h u l l  o f  a  f i n i t e  s e t ,
4 . 3 4 .  DEFINITION. A c o n v e x i ty  s t r u c t u r e  (X ^ Y ,  ^^jcy^ i s
s a i d  t o  have t h e  p o ly h ed ro n  s e p a r a t i o n  p r o p e r t y  i f  and
o n ly  i f  g i v e n  a  p o ly h e d ro n  P and a  convex  s e t  0 t h e r e
e x i s t s  a  p r o j e c t i o n  and a  p o i n t  a C X U Y  such^ X y
t h a t  p^^ ( a )  n  (PU C )=^, and i f  z ^ €  P, z^G C th e n
p“ ^ ( a ) r i c o n v  z ^ z ^ / 0 .
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4 . 3 5 .  LSf/J<IA. L e t  C^,  i = l , , . . , h + l  be h+1 convex s e t s
i n  a  c o n v e x i t y  s t r u c t u r e  s u c h  t h a t  t h e  i n t e r s e c t i o n  o f  e a c h  
h o f  them i s  nonempty .  Then t h e r e  e x i s t  h+1 p o ly h e d ro n s  
P^ ,  i = l , . . . , h + l  such  t h a t  and  th e  i n t e r s e c t i o n  o f
e a c h  h o f  them i s  nonempty.
P r o o f . S in c e  e v e r y  h o f  t h e  h+1 s e t s  has nonempty 
i n t e r s e c t i o n ,  t h e r e  e x i s t s  p^^ l i T - h + l  ^ j  * i = l , . . . , h + l .
D e f in e  P .=conv(  W  { p . }  ) ,  t h e n  Pi C O . ,  i = l , . . . , h + l ,
^ i 4 j £ h + l  0 ^
and Pi n  (  ^  C .)  0 ,  2 £ i ^ h + i ;  hence  P. can  r e p l a c e  
2 g j< h + l  J
G^,  I t  t h e n  f o l l o w s  by f i n i t e  i n d u c t i o n  t h a t  e a c h  s e t
can  be r e p l a c e d  by a  p o ly h e d ro n  P^ s u c h  t h a t  th e  i n t e r s e c t i o n
o f  e v e r y  h o f  t h e  p o ly h e d ro n s  i s  nonempty .
4 . 3 6 .  THEOREM. I f  ( X , a n d  (Y, have f i n i t e  H e l ly  
numbers h^ and h^ r e s p e c t i v e l y ,  and i f  ^ ^ x y  t h e  p o l y ­
hed ro n  s e p a r a t i o n  p r o p e r t y ,  t h e n  ^^«cy ^ f i n i t e  H e l ly
number h é  max { h ^ , h^} +1.
P r o o f . By t h e  above lemma, i t  i s  s u f f i c i e n t  t o  p ro v e  
t h a t  a l l  members o f  a f a m i l y  ^  o f  h+1 p o ly h ed ro n s  have 
a  p o i n t  i n  common i f  e v e r y  h have nonempty i n t e r s e c t i o n .
Suppose t h a t  t h i s  i s  f a l s e ,  t h a t  t h e r e  e x i s t  h+1 
p o ly h e d r o n s  F \ , i = l , , . , , h + 1  such  t h a t  each  h o f  them have a 
p o i n t  i n  common b u t  P^=jZf. S in c e  P^A . .  . Q P ^  and P^+^ 
a r e  d i s j o i n t ,  by t h e  p o ly h e d ro n  s e p a r a t i o n  p r o p e r t y  t h e r e
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e x i s t s , w i t h o u t  l o s s  o f  g e n e r a l i t y ,  a  p r o j e c t i o n  and a 
p o i n t  a  e  X s u c h  t h a t  p “  ̂( a ) n  . .  . 0  Pj^) U =^, and
i f  Pj^n , ,  , n  and t h e n  p ^ ^ ( a ) ( l  co nv ^z^ .z^^
S in c e  P^^^ and e v e r y  c o m b in a t io n  o f  h-1 members o f  
P ^ , . . , , P ^  have  nonempty i n t e r s e c t i o n ,  t h e n  th e  i n t e r s e c t i o n  
o f  e v e r y  h -1  members o f  P ^ , . . . , P ^  m us t  have a  nonempty 
i n t e r s e c t i o n  w i t h  p “ ^ ( a ) .  S in c e  e a c h  P. i s  convex  i n  G ^ ,
X  X x î ^ y
( a )  n  P i )  i s  convex i n  Y f o r  1 6  i  6  h and e a c h  h-1  o f  
them have nonempty i n t e r s e c t i o n .  But  h -1 ^ h ^ %  t h e r e f o r e  
a l l  h s e t s  ( a ) H P  ; )  have nonempty i n t e r s e c t i o n .  T ha t
fk
i s ,  t h e r e  e x i s t s  a  y é  Y such  t h a t  y €  n  7 ? ^ , (p ~ ^ (a )n P i  ), and
y J- '
t h e n  t h e r e  e x i s t s  a  p o i n t  q.tp” ^ (a )  n{P^n , ,  ,0P^} , a  c o n t r a d i c t i o n .
We s h a l l  end t h i s  c h a p t e r  w i t h  some r e s u l t s  r e l a t i n g  
t h e  p r o j e c t i v e  p r o d u c t  and a f f i n e  m ap p in g s ,
4 , 3 7 ,  THEOREM, I f  ( X . g ^ )  and (Y,<^y)  a r e  c o n v e x i t y
s t r u c t u r e s  t h a t  a r e  c o m p a t ib le  i n  t h e  p r o d u c t ,  t h e n
and 6 y a r e  c l o s e d  u n d e r  t r a n s l a t i o n s .
P r o o f , L e t  T» X—»X be a t r a n s l a t i o n ' ,  i , e ,  T (x)=x+a
f o r  some a € X ,  L e t  "77  ̂ and be t h e  o r t h o g o n a l  p r o j e c t i o n s
from X X Y o n t o  X and Y r e s p e c t i v e l y ,  and l e t  0 /y  6.Y, L e t
p^ be a  p r o j e c t i o n  o n to  X such  t h a t  p ^ ( x + a , y ) = x .  I t  i s
t h e n  r o u t i n e  t o  show t h a t  T(C )=C+a=-f>L(tir'“ ^ ( y )  (C ) ) ,
^  y  X
and s i n c e  ^  and ^  a r e  c o m p a t ib l e  i n  t h e  p r o d u c t ,  p” ^(G)X y X
i s  a  convex  s e t  i n  ^^aty hence
- ^ ( T r ÿ ^ ( y ) r i  p ” ^ (G ))=T (C )G  which  c o m p le te s  th e  p r o o f .
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I f  ( X , i s  th e  u s u a l  c o n v e x i t y  s t r u c t u r e  on and 
i f  (Y, (2y) i s  t h e  s t r u c t u r e  d e f i n e d  on by 6 ^  i f  and 
o n ly  i f  c a r d  C i  2 o r  C=Y, t h e n  b o t h  and a r e  c l o s e d  
u n d e r  t r a n s l a t i o n s ,  b u t  (X, 5 ^ )  and ( Y , ^ y )  a r e  n o t  
c o m p a t i b l e  i n  t h e  p r o d u c t ,  showing t h a t  t h e  c o n v e r se  t o  
t h e  above th eo re m  i s  n o t  n e c e s s a r i l y  t r u e ,
4 . 3 8 .  THEOREM. I f  (X, 6"^) and (Y, a r e  c o n v e x i ty  
s t r u c t u r e s  t h a t  a r e  c o m p a t ib le  i n  t h e  p r o d u c t  and i f  ^ ^ n y  
i s  c l o s e d  u n d e r  a f f i n e  mappings^ t h e n  ( 2 ^  and a re  b o t h  
c l o s e d  u n d e r  a f f i n e  m appings .
P r o o f . L e t  T j X-$X be an  a f f i n e  map on X, Then 
T ^ ( x , y ) = ( T ( x ) , y )  d e f i n e s  an  a f f i n e  mapping T^ on X X Y, 
and hence  i f  , T(G ) = 'Tr ( f r  (0)  O  ) ) b e lo n g s
X  A  y  A
t o  e ^ .
As  a  c o u n te re x a m p le  t o  t h e  c o n v e r s e  o f  t h e  above 
th eo re m ,  l e t  X=R^, C^ i f  and o n ly  i f  I C \ £ 2  o r  C=X, 
and Y=R^, [ c  | C=Y o r  C i s  a  p a i r  o f  p a r a l l e l  l i n e s ^
U{^G I c  c o n s i s t s  o f  t h e  v e r t i c e s  o f  a  n o n - d e g e n e r a t e  
p a r a l l e l o g r a m }  Ü {g ) G i s  a  s e t  o f  t h r e e  n o n - c o l l i n e a r  
p o i n t s J O  { c l  lGl£2*} . Then and a r e  c o m p a t ib le  
i n  t h e  p r o d u c t  and b o th  a r e  c l o s e d  u n d e r  a f f i n e  mappings 
s i n c e  a  s e t  o f  c a r d i n a l i t y  f i v e ,  no t h r e e  o f  which a r e  
c o l l i n e a r  and l y i n g  i n  a  p l a n e  c o n t a i n i n g  X, w i l l  b e lo n g  
t o  6  b u t  t h e  image o f  t h i s  s e t  u n d e r  a  r o t a t i o n  need 
n o t  b e lo n g  t o  ^ ^ j iy *
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The f o l l o w i n g  example shows t h a t  even  i f  (X, and 
(Y, a r e  c o m p a t ib le  i n  t h e  p r o d u c t ,  and ^  need  
n o t  be c l o s e d  under  a f f i n e  m app ings .
4 . 3 9 .  EXAMPLg. L e t  X=R^ and l e t  C i f  and o n ly  i f  
G=X o r  C 6  {c  I G i s  a l i n e  o r  a  p a i r  o f  p a r a l l e l  l i n e s }  U
j ! C | £ . 4 ,  no t h r e e  o f  which a r e  c o l l i n e a r }  U 
( C I  G i s  a  t r a n s l a t e  o f  y=x^ } .
L e t  Y=R^ and  l e t  C € i f  and o n ly  i f  G=Y o r  | G \ £ 2 .  Then 
i t  i s  t e d i o u s  b u t  r o u t i n e  t o  show t h a t  (X, ( ^ )  and (Y, ( ^ )  
a r e  c o m p a t i b l e  i n  the  p r o d u c t  b u t  6 ^  i s  n o t  c l o s e d  under  
a f f i n e  m ap p in g s .
The f o l l o w i n g  theo rem  p r e s e n t s  a p o s i t i v e  r e s u l t  
r e l a t i n g  c o m p a t i b i l i t y  and a f f i n e  mappings when X=Y=R^.
4 . 4 0 .  THEOREM. I f  (X, and (Y, ê y )  a r e  c o n v e x i ty  
s t r u c t u r e s  on X=Y=R^ s u c h  t h a t  ^ ^ x y  c l o s e d  u nder  a f f i n e  
m ap p ing s ,  t h e n  (X, and (Y, Ç y )  a r e  c o m p a t ib l e  i n  th e  
p r o d u c t .
P r o o f . I t  i s  r o u t i n e  t o  show t h a t  t h e  mappings 
F ( x ) = r ï ^ ( p ÿ ^ ( y ) 0  P“^ ( x ) )  and G(x) = fTy( ( p ' ) " ^  ( x ) n  p”  ̂(x)  ) 
a r e  e i t h e r  t r i v i a l  o r  a f f i n e  mappings from X ^ ? 0 | t o  X 
and X X lo}  t o  Y, r e s p e c t i v e l y .
4 . 4 1 .  EXAMPLE. L e t  X=Y=R^, Gy=(c  | IG%£ 1 o r  G=R^ J .
Then ^ x x y “ f  ^  ̂ ICI<1 o r  G=R^}, and 6^^, and f ^ ^ y  a r e  
a l l  c l o s e d  u nder  a f f i n e  mappings b u t  (X , (S ^ )  and (Y,<î y )
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a r e  n o t  c o m p a t ib le  i n  t h e  p r o d u c t  s i n c e  and do 
n o t  c o n t a i n  l i n e s ,  f o r c i n g  t o  n o t  c o n t a i n  p l a n e s ,
e . g .
F i n a l l y ,  t h e r e  a p p e a r s  t o  be no c o n n e c t i o n  a t  a l l  
betvfeen th e  c l o s u r e  o f  and (3^ under  a f f i n e  maps 
and t h e  p r o p e r t y  o f  ^^«cy t ^ i n g  p r o j e c t i v e  a s  t h e  examples  
be low show.
I f  X=Y=R^ and i f  €  6^=  { C ) C=R^ o r  1 £  2 } , t h e n
and ê y  a re  c l o s e d  u nd e r  a f f i n e  maps b u t  n o t  p r o j e c t i v e
i n  t h e  p r o d u c t i  Three n o n - c o l l i n e a r  p o i n t s  w i l l  b e lo n g
t o  ^ b u t  t h e i r  p r o j e c t i o n  w i l l  n o t  n e c e s s a r i l y  b e lo n g  xxy
t o  ^  o r  <gy.
I f  X=R^ and { c  jlC\ £  1 ,  G i s  a  l i n e  n o t  p a r a l l e l
t o  th e  x - a x i s  o r  G=R^/ and Y=R^, é ^ y = { c | \ G l £ l  o r  G=R^^ 
t h e n  ( X , S ^ )  and (Y, 1?^) w i l l  be p r o j e c t i v e  i n  t h e  p r o d u c t  
b u t  n o t  c l o s e d  u nder  a f f i n e  m appings .
We remark t h a t  we have  been o n ly  p a r t l y  s u c c e s s f u l
i n  c r e a t i n g  a p r o d u c t  c o n c e p t  f o r  ^  t h a t  i s  b o t h  n a t u r a l
and u s e f u l .  We have been  unab le  to  remove t h e  r e q u i r e m e n t
t h a t  X and Y a r e  t h e m s e lv e s  v e c t o r  s p a c e s  so  t h a t  t h e
p r o d u c t  c o n c e p t  c o u ld  be d e f i n e d  f o r  more g e n e r a l  c o n v e x i t y
s t r u c t u r e s .  A l s o ,  we have been  unab le  t o  o b t a i n  a  Radon
/
th eo re m  o r  g e n e r a l  G a ra th e o d o ry  and H e l ly  th eo rem s  f o r  
t h i s  p r o d u c t .
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